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Preface

WINE 2005, the First Workshop on Internet and Network Economics (WINE 2005),
took place in Hong Kong, China, December 15-17, 2005. The symposium aims to
provide a forum for researchers working in Internet and Network Economic
algorithms from all over the world. The final count of electronic submissions was
372, of which 108 were accepted. It consists of the main program of 31 papers, of
which the submitter email accounts are: 10 from edu (USA) accounts, 3 from hk
(Hong Kong), 2 each from il (Isreal), cn (China), ch (Switzerland), de (Germany), jp
(Japan), gr (Greece), 1 each from hp.com, sohu.com, pl (Poland), fr (France), ca
(Canada), and in (India). In addition, 77 papers from 20 countries or regions and 6
dot.coms were selected for 16 special focus tracks in the areas of Internet and
Algorithmic Economics; E-Commerce Protocols; Security; Collaboration, Reputation
and Social Networks; Algorithmic Mechanism; Financial Computing; Auction
Algorithms; Online Algorithms; Collective Rationality; Pricing Policies; Web Mining
Strategies; Network Economics; Coalition Strategies; Internet Protocols; Price
Sequence; Equilibrium. We had one best student paper nomination: “Walrasian
Equilibrium: Hardness, Approximations and Tracktable Instances” by Ning Chen and
Atri Rudra.

We would like to thank Andrew Yao for serving the conference as its Chair, with
inspiring encouragement and far-sighted leadership. We would like to thank the
International Program Committee for spending their valuable time and effort in the
review process. We would like to thank the two invited speakers, Ehud Kalai and
Christos Papadimitriou, for offering their insightful views of the emerging field. We
would also like to thank the Organizing Committee for their services.

Finally, we owe our success to the generosity of our financial sponsors: K. C.
Wong Education Foundation and Hong Kong Pei Hua Education Foundation Ltd. We
also owe our success to the financial support and the clerical support of the
Department of Computer Science, City University of Hong Kong.

December 2005
Xiaotie Deng
Yinyu Ye
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Recent Developments in Equilibria Algorithms*

Christos Papadimitriou

Department of EECS, UC Berkeley, USA
christos@cs.berkeley.edu

Nash proved in 1951 that every game has a mixed Nash equilibrium [6]; whether
such an equilibrium can be found in polynomial time has been open since that
time. We review here certain recent results which shed some light to this old
problem.

Even though a mixed Nash equilibrium is a continuous object, the problem
is essentially combinatorial, since it suffices to identify the support of a mixed
strategy for each player; however, no algorithm better than exponential for doing
so is known. For the case of two players we have a simplex-like pivoting algorithm
due to Lemke and Howson that is guaranteed to converge to a Nash equilibrium;
this algorithm has an exponential worst case [9]. But even such algorithms seem
unlikely for three or more players: in his original paper Nash supplied an example
of a 3-player game, an abstraction of poker, with only irrational Nash equilibria.

When the number of players is large, complexity questions become moot be-
cause the input is exponential: ns™ numbers representing player utilities are
needed to specify a game with n players and s strategies per player. Such games
are computationally meaningful only if they can be represented succinctly. In-
deed, several succinct representations of games have been proposed, chief among
which are the graphical games [5]. In a graphical game players are the nodes of
a graph, and the utility of a player depends only on the actions of the players
that are adjacent to it on the graph. Thus, if the graph is of bounded degree, the
input is polynomial in the number of players and strategies. For such games it
was recently shown [8] that correlated equilibria (a relaxation of Nash’s concept
that is tractable in the normal-form representation by linear programming) can
be computed in polynomial time.

In a recent paper [3] we showed that the problem of finding a Nash equilibrium
in bounded-degree graphical games is equivalent to the same problem in normal-
form games, and in fact normal-form games with four players are completely
general in this respect. The key insight in these reductions are certain “gadgets,”
4-player games simulating arithmetical operations.

Nash’s existence proof relies on Brouwer’s fixpoint theorem, another noto-
riously non-constructive result for which we do have evidence of intractability
[4L[7,[1]. Is this reliance inherent? This is a restatement of the question of the com-
plexity of the mixed Nash equilibrium problem. In a recent paper with Costas
Daskalakis and David Goldberg [2] we use the arithmetical gadgets of [3], among
other ideas, to provide an affirmative answer to this question: Mixed Nash equi-
libria in a game with 4 players (equivalently, a graphical game of degree 3) can

* Research supported by an NSF ITR grant, and by a grant from Microsoft Research.

X. Deng and Y. Ye (Eds.): WINE 2005, LNCS 3828, pp. 1-Z 2005.
© Springer-Verlag Berlin Heidelberg 2005
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C. Papadimitriou

simulate arbitrary Brouwer fixpoints. Hence, finding a mixed Nash equilibrium
is PPAD-complete [7]— the appropriate evidence of intractability for this com-
plexity level.

We conjecture that the 3-player case is also intractable, while the 2-player

one is polynomial.
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Partially-Specified Large Games

Ehud Kalai

Kellogg School of Management, Northwestern University,
Evanston IL 60208, USA
kalai@kellogg.northwestern.edu
http://www.kellogg.northwestern.edu/
faculty/kalai/htm/personal_page/index.htm

Abstract. The sensitivity of Nash equilibrium to strategic and infor-
mational details presents a difficulty in applying it to games which are
not fully specified. Structurally-robust Nash equilibria are less sensitive
to such details. Moreover, they arise naturally in important classes of
games that have many semi-anonymous players. The paper describes
this condition and its implications.

1 Introduction

Deciding whether to attend WINE 2005 is a participation game, where players’
payoffs depend on the participation choices of others. But like many other games,
it is only partially specified. It is known that players may go to a web site and
click in their choice before some deadline, but it is not known in what order they
will move, what information they will have, who may make agreements with
whom, etc., etc.

Equilibrium analysis of a partially-specified game forces the analyst to make-
up all the missing details. But since equilibrium predictions are often sensitive
to such details, the analyst’s predictions are often unreliable[]

Equilibria that are structurally robust, as described in this paper, are less
sensitive to many game speciﬁcsg As such, they offer a partial resolution to
the difficulty above. The analyst can compute the equilibrium of a game with a
minimal structure (simultaneous-one-move play), and be assured that it remains
equilibrium no matter what the missing details are.

Structural robustness is a strong property that fails in the equilibria of most
games. But as discussed in this paper, in games with many semi-anonymous
players all the equilibria are structurally robust

! This high level of sensitivity is well known to researchers and users of game the-
ory. Even small modifications, such as allowing the players to make meaningless
cheap-talk announcements, may drastically alter the equilibrium of the game, see
for example Crawford and Sobel (1982).

2 Other notions of robustness and structural robustness were proposed in economics.
We refer the reader to Hansen and Sargent (2001) for some examples. An earlier
weaker notion of structural stability was introduced in Kalai (2004) under the name
of extensive robustness.

3 Positive results about large games were obtained earlier in the cooperative-games
literature, see Aumann and Shapley (1974) for a survey.

X. Deng and Y. Ye (Eds.): WINE 2005, LNCS 3828, pp. 331 2005.
© Springer-Verlag Berlin Heidelberg 2005
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In addition to dealing with partially specified games, structural robustness has
other important implications, even in fully specified games. For better or worse,
an equilibrium with this property is more persistent, it self-purifies, has a strong
ex-post Nash property, can be used to model a small-world game embedded in a
larger game, and has a strong rational-expectations property in market games.

2 Definition of Structural Robustness

Starting with an n-person simultaneous-one-move game, we first describe a large
number of variations on how the game may be played. Such variations allow
for sequential (instead of simultaneous) moves, multiple opportunities to revise
earlier choices, information transmission, commitments, delegations, etc. The
eventual purpose is to identify equilibrium as being structurally robust, if it
survives under all such variations.

2.1 Metagames

To describe a variation of the simultaneous move game, G, we introduce the
notion of a metagame of G. The concept is natural and straight forward but
the formal notations are cumbersomef] For this reason, it is better to explain
it through a couple of simple examples.

Consider first a 2-person Match Pennies game (MP for short) with player 1
being a male who wishes to match his opponent, and player 2 being a female who
wishes to mismatch her opponentﬁ The play of the game has the four possible
H-P pairs, (H,H), (H,T), (T,H), (T,T), with the corresponding payoffs, (1,-1),
(-1,1), (-1,1), (1,-1). A metagame of MP is any m-person perfect-recall extensive
game M that has exactly one of the four H-P pairs above associated with every
one of its final nodes. In other words, every play of M yields a play of MP.

Condition 1 Preservation of strategies and payoffs: We restrict ourselves
to metagames that satisfy three properties. First, the players of the metagame
include all the original players of the underlying game MP.

Second, any of the original MP players has metagame strategies that guarantee
him, in the metagame, the same pure choices that he has in MP. For example,
since player 1 can choose H in MP, he should have a metagame strategy that
guarantees him (no matter what strategies are used by the opponents) to end up
(with probability one) at a final node in which his label is H (the associate pair
being (H,H) or (H,T)).

Third, the metagame must preserve the original payoffs in the sense that at
every final node of M, the payoffs of the original players are the same as their
payoffs in MP. For example, if the metagame ends at a final node with the
associate pair (H,H) then the payoffs of players 1 and 2 are (1,-1).

4 As is the case for most formal models that involve extensive form games.
® Simultaneously, each one of them chooses either H or T. If the choices match, she
pays him 1; it they mismatch, he pays 1 to her.
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Three simple examples of metagames of MP that preserve strategies and pay-
offs are the following.

Ezample 1. Sequential-play metagame: player 1 moves first and chooses H
or T, player 2 moves second and chooses H or T after being informed of the
choice of player 1. The associated pair at a final node consists of the pair of
sequential choices made on the path leading to it, and the payoffs are the MP
payoffs defined at this pair.

Ezxample 2. Metagame with revisions: simultaneously each of the two players
chooses H or T; then, after being informed of the pair of choices, simultaneously
they each choose H or T again. The associated pair at every final node of the
metagame consists of the choices made in the second round, and the payoffs are
the MP payoffs defined at this pair.

Ezxample 3. Metagame with an outsider setting the rules: player 3, the
rule setter, moves first and decides whether the game will be played simulta-
neously, sequentially, or simultaneously with revisions. After being informed of
his choice, the original players play according to the rule chosen by him and
receive the appropriate payoffs. The metagame preserves strategies and payoffs,
no matter what payoffs are assigned to the outsider (the rule setter) at the final
nodes.

As the reader should be able to see, one can construct a large number of inter-
esting metagames that preserves strategies and payoffs.

2.2 Metaversions of Strategies

To require that an equilibrium ”survive in all metagames,” we first must clarify
how a strategy of the simultaneous move game is played in a given metagame.
This can be done easily due to the requirement that the metagame preserve
strategies.

For example, consider the .50-.50 H-T mixed strategy of player 1 (he chooses
H or T with equal probability in MP) and consider the metagame with a rule
setter.

Let 11 be the metagame mixed strategy in which player 1 chooses with equal
probabilities one of the following two pure strategies: (1) he chooses H in every
one of his information sets in the metagame, or (2) he chooses T in every one of
his information sets in the metagame. This strategy guarantees that he ends up
with an H (with probability .50) or guarantees that he ends up with a T (with
probability .50)9

5 This is stronger than simply guaranteeing a .50-.50 outcome on H or T. For exam-
ple, consider a metagame that starts with nature moving left or right with equal
probabilities, and players 1 and 2 follow with a simultaneous choice of H or T after
observing nature’s choice. To choose H after nature moves left and T after nature
moves right is a strategy that guarantees player 1 .50-.50 probabilities over a final
label of H or T. But this strategy cannot be decomposed into a .50-.50 lottery over
one strategy that guarantees him H and one strategy that guarantees him T.
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When such is the case we say that i, is a metaversion of the .50-.50 H-T
mixed strategy. However, there are additional metaversions of the .50-.50 H-T
mixed strategy. For example, player 1 may mix over the following two pure
metagame strategies: (1) he chooses H in every one of his metagame information
sets, or (2) he chooses T in every one of his metagame information sets except
for the first round of the subgame with revisions where he chooses H.

Having defined metaversions of individual strategies, we can define metaver-
sions of strategy profiles. For example, the strategy profile (11, 12,13) in the
metagame with a ruler is a metaversion of the strategy profile (o1, 02) in MP,
if 11 is a metaversion of o1 and 19 is a metaversion of o2 (outsiders’ strategies
are not restricted).

2.3 Structural Robustness

An equilibrium o of the simultaneous move game is structurally robust, if it is
an equilibrium in every metagame that preserves strategies and payoffs. This
means that no matter what metagame is played, in every metaversion of ¢ the
strategies of the original players are best response.

For example, for an equilibrium o = (01, 02) of MP to be structurally robust,
the metaversions of ¢ must be optimal in every metagame of MP. If in the
metagame with a ruler, for example, 1) = (11, 2,13) is a metaversion of o, then
11 and 9 must be a best response strategies of player 1 and player 2 respectively
(13 is not restricted).

We may think of ¢ as being a uniform Nash equilibrium in every metagame,
since any metaversions of (o1, 02) are optimal no matter what the strategies of
the outsiders are

It is easy to see that MP has no structurally robust equilibrium. Since the
underlying game is always a metagame of itself, any structurally robust equilib-
rium must be equilibrium of the underlying game itself. Thus the only candidate
for structural robustness in MP is the profile consisting of the pair of .50-.50 H-T
mixed strategies. But this pair fails to be an equilibrium in the sequential play
metagame for example. Randomly choosing H or T is no longer a best reply of
the follower since she is better off mismatching player 1’s observed choice.

2.4 Approximate Structural Robustness

The existence difficulty becomes less sever when the number of players is large.
Consider a generalized Match Pennies game that consists of n males and n
females, 2nMP. Simultaneously, they each choose H or T. A male’s payoff
is the proportion of females his choice matches and a female’s payoffs is the
proportion of males she mismatches. The .50-.50 H-T profile of mixed strategies
is an equilibrium that turns out to be highly structurally robust when n is large.
In the sequential-play metagame with all the males moving first, for example,

" Using the standard fixed point method, for every structurally robust ¢ and every
metagame, every metaversion of o can be completed to a metagame profile in which
all the players (including the outsiders) best respond.
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when the females turn to choose comes up, the distribution of male choices will
be nearly one half H’s and one half T’s with probability close to one. Thus
randomly choosing between H and T is nearly optimal for every female. (Using
Chernoff bounds, for any ¢ > 0 the probability that the proportion of H-choosing
males be outside the .50 &+ ¢ range goes down to zero at an exponential rate in
the number of males).

The above observation motivates an approximate definition of being (g, p)
structurally robust. For a given pair of such non negative numbers we require
that the equilibrium of the simultaneous move game be (g, p) Nash equilibrium
in every metagame that preserves strategies and payoffs. Being (g, p) Nash
equilibrium means that the event ”following a play path along which some player
can improve his payoff at some information set by more than ” has probability
of at most p

2.5 Generalization to Bayesian Games

Due to their wide applicability, it is important to generalize the above notions
to simultaneous-one-move Bayesian gamesﬁ The generalizations are straight
forward, as illustrated by the following example of an n-person Bayesian MP
game (BMP for short).

Every player i is randomly drawn to be a male or a female type according to
commonly known individual prior probabilities. Before they make any choices,
everyone is informed (only) of his own realized type. Next, simultaneously, each
of the n players chooses H or T. Every player’s payoff is a function of his type, his
choice, and the distribution of types and choices of his opponents. For example, a
male’s (type) payoff may be the proportion of females (female types) his choice
matches and afemale’s payoff may be the proportion of males she mismatches.

A metagame of BMP is again any m-person perfect recall extensive form
game with an n-tuple of H-T’s associated with each of its final nodes. But to
be compatible with the underlying Bayesian game, it must start with a move
of nature, where the types of the individual players are drawn with the same
distribution as in BMP, and with every player being informed of his own realized
type prior to the start of play.

An equilibrium of BMP is (g, p) structurally robust if it remains an (e, p) Nash
equilibrium in every metagame of BMP that preserves strategies and payoffs.

3 Main Result

To keep the presentation simple, we restrict ourselves to games in which player
types are restricted to be called male or female and player actions are restricted
to be called H or T. These particular names of types and actions are not im-
portant, nor is the fact that there are only two types and two actions. It is
important however, that there is a finite number of each.

8 See Kalai (2004) for elaboration.
9 See Harsanyi (1967/68).
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Consider a family of games F that includes for every n = 1,2,... many n
person games (could even be uncountably many games for every n). Every n-
person game G,, € F is described by a collection of n pairs G,, = (74, u;)"
having the following interpretation. The non negative number 7; is the proba-
bility that player i is a male type (male for short) and 1 — 7; is the probability
that player i is a female type (female for short). It is assumed that types are
drawn independently across players.

The payoff function of every player ¢, u;, is anonymous in the sense that it
may depend only on aggregate data of player i’s opponents. More formally
w; ¢ (ti,a4,e—;) — r € [0,1], where t; = male or female, a; = H or T, and
e_; = (em,H, em,T, €f,H, €7,7) describes the proportions of opponents type-choice
combinations. For example e,,, i describes the proportion of player i’s opponents
who are males who choose H.

We assume also that the collection of all payoff functions (consisting of all the
functions w;’s from all the games in F) is uniformly equicontinuous.

Theorem 1. Structural Robustness. Given the family F above and an € >
0, there are positive constants « and B, B < 1, such that for every n person game
in the family all the equilibria are (e, a8™) structurally robust.

This theorem is a generalization of a theorem in Kalai (2004). Even though
the result is substantially stronger, the proof is similar and is therefore omitted
(it requires that the number of player types and possible actions be uniformly
bounded by finite numbers. This could possibly be replaced by assumptions of
continuity and compactness).

3.1 Some Clarifications

The anonymity imposed on the individual payoff functions is far from being full
anonymity, since players may have individual payoff functions and individual
prior distributions over types. While this already means that the players are
not anonymous individuals, it even breaks some of the anonymity in the payoff
functions.

For example, we may have a formulation that includes a type whose name is
Mr.Jones, and in a certain game only player 1 is the Mr.Jones type (he has
prior probability one of being so and every other player has probability zero of
being so). Now, while the players payoffs are anonymous in the technical sense
formulated above, the payoffs of the players may depend on the action of player
1 in a non symmetric way. For example player 2 payoff may depend entirely
on the distribution of actions chosen by MrJones types, thus making player 2
payoff be a function of player 1’s action. This method of breaking anonymity is
only partial, however, since we can accommodate only finitely many types and
the number of players becomes infinite.

Another consequence of the individualized payoff functions and prior prob-
abilities is that the family of games above may contain many games that are
drastically different from the Match Pennies game that we started with. For
example, it may contain two players, both female type with probability one, and
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each has a payoff function that is one if and only if she matches the opponent.
This is a pure coordination game.

The Bayesian aspect of the formulation allows for interesting games. For
example player 1 may be a female who wishes to match, but player 2 may have a
positive prior operability of being a male who wishes to mismatch and a positive
prior probability of being a female who wishes to match. Thus, player 1 may not
know exactly whether he is in a coordination game or a match pennies game.

In a similar way, the family may contain prisoners’ dilemma games of various
sizes. When we allow n types, all n person payoff functions can be accommo-
dated.

4 Implications

4.1 Partially Specified Games

In what sense does the above theorem help the modeling of a partially specified
game? The analyst may write such a game with a minimal structure, as a
simultaneous one-move game, and compute its equilibrium. This equilibrium
will survive even if the structure is made richer.

For example, in a large anonymous participation game, where the choice of
every player is whether or not to participate in an event, the analyst may write
the game where simultaneously every player decide whether to participate or not,
and compute its equilibrium. The structural robustness theorem implies that
this equilibrium will be sustained no matter how the simultaneous move and
informational assumptions are changed. So even if choices are made sequen-
tially, private and public messages being transmitted according to any dynamic
stochastic process, players are allowed to repeatedly revise earlier choices, play-
ers are allowed to interact and make use of outsiders, under all such possibilities
the computed equilibrium is not destroyed.

However, the resolution is only partial. While all the equilibria of the
simultaneous-one-move game are sustained in all extensive metagames, each
metagame may have additional equilibria that are not present in the simultane-
ous one-move game. This puts us into another typical difficulty of game theory,
namely multiplicity of equilibria. Whether one equilibrium will be sustained
over others depends on focal point and related considerations.

The simultaneous-one-move equilibria have an added advantage over the oth-
ers: they are the only equilibria present in the intersection of all metagames,
since the simultaneous one-move game is one of the metagames of itself.

4.2 Ex-post Stability

The structural robustness property implies other game theoretic properties of
the equilibrium. One important consequence is strong ex-post stability (also
known as ex-post Nash) This means that after the game is over, even with

10 See Cremer and McLean (1985), Green and Laffont (1987) and follow up literatures,
for earlier (weaker) versions of the concept.
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(full or partial) hind-sight information about the types and choices of the others,
no player has incentive to change (or regrets) the choice he made.

A vector of types and actions is € ex-post Nash if for every player and for
every outcome of the game, even with perfect hind-sight information about the
realized types and selected actions of all his opponents, the player cannot gain
an e-improvement in his payoff by a unilateral change of his own action.

An equilibrium is (g, p) ez-post Nash if the probability of ending up with a
vector of types and actions which is € ex-post Nash is at least 1 — p.

To see that (e, p) structural robustness implies (g, p) ex-post Nash consider
the metagame with revision discussed earlier (they play the one shot game once,
observe everybody’s realized types and choices, and get to revise their choices in
a second round). For any equilibrium of the simultaneous move game, consider
the following metaversion. Play the equilibrium in the first round, with no
revisions in the second round. The structural robustness property implies that
this metaversion of the equilibrium is an equilibrium of the metagame with
revision. This, however, is equivalent to being ex-post Nash (also in the (g, p)
adjusted senses of both).

The ex-post stability is stronger than just described, because it holds even
for partial information. It may be that no player can improve his payoff by
more than ¢ when given complete information about the types and choices of
his opponents, but he can improve his expected payoff by more than ¢ when he
conditions on partial information about his opponents. Being strongly (e, p) ex-
post Nash means that this is not the case. No matter what hind-sight (perfect
or imperfect) information is given to individual players, with probability at least
1 — p no one can improve his expected payoff by more than ¢ by a unilateral
change of his selected action.

4.3 Self Purification

The ex-post Nash property may alternatively be viewed as a property of self
purification. Starting with Schmeidler (1973), there is a large literature showing
that large anonymous games have pure strategy Nash equilibrium. Schmeidler’s
paper starts by proving the existence of "mixed strategies” equilibrium, and
then proving that he can purify it, i.e., replace the mixed strategies by pure ones
without destroying the equilibrium property.

But when an equilibrium is (fully) ex-post Nash (in the sense defined in this
paper), the profiles of pure strategies that can be generated by its play must all
be Nash equilibria of the game. In other words, there is no need to purify the
equilibrium since it purifies itself (through laws of large numbers).

And going beyond the purification literature of Schmeidler (which studies only
simultaneous-move normal-form games), self purification holds for
simultaneous-move Bayesian games. The play of any Bayesian equilibrium which
is ex-post Nash must generate, for every vector of realized types, a profile of pure
actions which is a Nash equilibrium of the normal-form game determined by the
realized types.
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There are some technical differences between the two approaches. Schmeidler
and follow up papers model large games by assuming a continuum of players,
while the current paper models it asymptotically by letting the number of play-
ers grow to infinity. A difficulty in Schmeidler’s model is that mixed strategy
profiles are hard (border line impossible) to define, since they involves a contin-
uum of independent mixed strategies. A limitation of the current paper is that
the full ex-post Nash property holds only in the limit. The reader may verify
though, that the approximate notion of (g, p) ex-post Nash gives rise to a natural
approximate notion of self purification which becomes fully so in the limit.

4.4 Small World in a Bigger Game

Game theorists model games in isolation, ignoring strategic and informational
spillovers between the game and the outside world in which the game is played.
This often leads to incorrect analysis since such spillovers can easily destroy
equilibria of the isolated game. It is therefore important to identify conditions
under which an equilibrium persist, even when embedded in a bigger world.

Since metagames allow additional players, additional actions, back and forth
communication and the like, they provide a model of a bigger world in which
the underlying game may be embedded. Moreover, the condition of structural
robustness is precisely the one that guarantees the survival of the equilibrium
under such embedding. This makes the sufficient-conditions for structural ro-
bustness important in the discussion of the embedding issue.

Clearly, the requirement that the metagame preserve strategies and payoffs
limits the scope of possible embeddings. But it is important to note that if the
outside world in which the isolated game is played does not preserve its strategies
and payoffs, then the isolated game should not be studied in the first place. It
is simply not the game that exists in reality.

Assuming, therefore, the metagame does preserve strategies and payoffs, as a
general rule it still does not preserve the equilibria of the isolated game, unless
the isolated game is large as assumed in our model.

We may conclude that the equilibria of large semi-anonymous games are per-
severed when embedded in the outside world, provided that the embedding pre-
serve strategies and payoffs. We should keep in mind that while the equilibria
are preserved, the presence of the outside world may introduce new additional
equilibria, not identified by the analysis of the isolated game.

4.5 Implementation

Mechanism designers deal with games in which the natural equilibrium may be
inefficient, and aim to create new related games in which equilibria are efficient.
The new game has the same set of possible types outcomes as the original game,
but it is redesigned to have "good incentives.” In the language of the cur-
rent paper, mechanism designers often replace an underlying ”bad game” by a
metagame, and by doing so they implement a better equilibrium.

To a significant extent the implementation literature studies the possible im-
provements that a mechanism designer may attain under various restrictions
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on the possible or permissible implementing metagame. The condition that a
metagame preserves strategies and payoffs is interesting in this regard. It means
that the designer cannot invade the options of the participants, by disallowing
them some choices or by modifying the consequences of the original choices.

Under this restriction, the structural robustness property has an interesting im-
plication, since it limits the ability of the mechanism designer to eliminate the bad
equilibrium. This means that he must resort to more subtle means of implementa-
tion. He can only hope to find a metagame in which the original bad equilibrium
becomes non appealing. For example, he may be able to construct a metagame in
which the original bad equilibrium involves the use of dominated strategies, or has
some other non appealing aspects from focal point considerations.

The observations above may be important to real-life policy makers and sys-
tem designers. Languages, measurement systems, and keyboard choices are ex-
amples illustrating that highly inefficient social equilibria are likely to persist
even despite social attempts to replace them by more efficient ones.

4.6 Rational Expectations

When restricting ourselves to market games, the strong ex-post Nash property of
structurally robust equilibrium implies that the equilibrium has a strong ratio-
nal expectations property This may be illustrated by considering a Bayesian
version of a Shapley-Shubik game, where players of random types (represent-
ing possible initial endowments, information and preferences) submit, in a one-
simultaneous-move game, portions of their initial endowments to be traded in
the market. Final market prices are computed as a function of the submitted
quantities and net trades are executed by these final prices

In general, Nash equilibrium of such a game fails to satisfy the rational expec-
tations property economists expect from an equilibrium. This property requires
that every agent’s trade be optimal at the market prices, given his individual
type and the inference (bases on the observed prices) he may make about the
unknown types of the others. This cannot be expected to hold for the Shapley-
Shubik players since their strategies are based entirely on knowledge of their
individual parameters, without knowledge of the choices made by the others
(and the consequential market prices).

But an equilibrium which is strongly ex-post Nash turns out to automatically
satisfy the rational expectations property. Prices, in the Shapley-Shubik game,
are ex-post information. Thus, under a strong ex-post Nash condition, knowing
the prices gives no player incentives to revise his choices. This means that his
trade is optimal given knowledge of the prices in the same sense requited by
rational expectations.

The intuition is fairly straight forward. When the game has many traders,
with unknown types but known prior distributions over types, laws of large
numbers allow the traders to correctly anticipate the final market prices which

' For examples of economic and game theoretic implications see Lucas (1972), Gross-
man and Stiglitz (1980), Jordan and Radner (1982) and Forge and Minelli (1998).
!2 See Shapley and Shubik (1977) and Peck (2003).
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depends on aggregated data of the opponents. Therefore the ex-post Nash prop-
erty and the rational expectation property both hold[13

The fact that the ex-post Nash property is strong implies a strong rational
expectations property. The trade every player ends up with is optimal given
his information, any inference he may make through the realized prices, but also
any inference he may make from any other information he may acquire.
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Abstract. This paper studies the equilibrium property and algorith-
mic complexity of the exchange market equilibrium problem with more
general utility functions: piece-wise linear functions, which include Leon-
tief’s utility functions. We show that the Fisher model again reduces to
the general analytic center problem, and the same linear programming
complexity bound applies to approximating its equilibrium. However, the
story for the Arrow-Debreu model with Leontief’s utility becomes quite
different. We show that, for the first time, that solving this class of Leon-
tief exchange economies is equivalent to solving a known linear comple-
mentarity problem whose algorithmic complexity status remains open.

1 Introduction

This paper studies the equilibrium property and algorithmic complexity of the
Arrow-Debreu competitive equilibrium problem. In this problem, players go to
the market with initial endowments of commodities and utility functions. They
sell and buy commodities to maximize their individual utilities under a market
clearing price. Arrow and Debreu [I] have proved the existence of equilibrium
prices when utility functions are concave and commodities are divisible. From
then on, finding an efficient algorithm for computing a price equilibrium has
became an attractive research area; see [2}4.[6} 7,8, 9L 10L15, 16l 17, 211,221 26].

Consider a special case of the the Arrow-Debreu problem, the Fisher exchange
market model, where players are divided into two sets: producer and consumer.
Consumers have money to buy goods and maximize their individual utility func-
tions; producers sell their goods for money. The price equilibrium is an assign-
ment of prices to goods so that when every consumer buys a maximal bundle of
goods then the market clears, meaning that all the money is spent and all the
goods are sold. Eisenberg and Gale [12,[13] gave a convex optimization setting to
formulate Fisher’s problem with linear utilities. They constructed an aggregated
concave objective function that is maximized at the equilibrium. Thus, finding
an equilibrium became solving a convex optimization problem, and it could be
obtained by using the Ellipsoid method or interior-point algorithms in polyno-
mial time. Here, polynomial time means that one can compute an e-approximate
equilibrium in a number of arithmetic operations bounded by polynomial in n
and log %
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It has turned out that the general Arrow-Debreu problem with linear utilities
is also equivalent to a convex optimization setting (see, e.g., Nenakhov and
Primak [20] and Jain [15]). The best arithmetic operation bound for solving the
Arrow-Debreu problem with linear utilities is O(n*log 1); see [26]. Moreover, if
the input data are rational, then an exact solution can be obtained by solving
a system of linear equations and inequalities when € < 27, where L is the bit
length of the input data. Thus, the arithmetic operation bound becomes O(n*L),
which is in line with the best complexity bound for linear programming of the
same dimension and size.

In this paper we deal more general utility functions: piece-wise linear func-
tions, which include Leontief’s utility functions. We show that the Fisher model
again reduces to the general analytic center model discussed in [26]. Thus, the
same linear programming complexity bound applies to approximating the Fisher
equilibrium with these utilities. We also show that the solution to a (pairing) class
of Arrow-Debreu problems with Leontief’s utility can be decomposed to solutions
of two systems of linear equalities and inequalities, and the price vector is the
Perron-Frobenius eigen-vector of a scaled Leontief utility matrix. Consequently,
if all input data are rational, then there always exists a rational Arrow-Debreu
equilibrium, that is, the entries of the equilibrium vector are rational numbers.
Additionally, the size (bit-length) of the equilibrium solution is bounded by the
size of the input data. This result is interesting since rationality does not hold
for Leontief’s utility in general. Perhaps more importantly, it also implies, for
the first time, that solving this class of Leontief’s exchange market problems is
equivalent to solving a known linear complementarity problem where its algo-
rithmic complexity status remains open.

2 The Fisher Equilibrium Problem

Without loss of generality, assume that there is 1 unit good from each producer
j € P with |P| = n. Let consumer i € C (with |C| = m) has an initial endowment
w; to spend and buy goods to maximize his or her individual linear substitution
utility:

i) = min{u(z:)}, 1)

where uf(z;) is a linear function in x;;—the amount of good bought from pro-

ducer j by consumer i, j = 1,...,n. More precisely,

uf (i) = (W) e =Y ufja.

jepr
In particular, the Leontief utility function is the one with

o
uf(xi)zﬁ, k=j€eP

1
k

for a given a;; > 0, that is, vector u; is an all zero vector except for the kth

entry that equals 1/a;.
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We make the following assumptions: Every consumer’s initial money endow-
ment w; > 0, at least one ufj > 0 for every k and i € C and at least one ufj >0
for every k and j € P. This is to say that every consumer in the market has
money to spend and he or she likes at least one good; and every good is val-
ued by at least one consumer. We will see that, with these assumptions, each
consumer can have a positive utility value at equilibria. If a consumer has zero
budget or his or her utility has zero value for every good, then buying nothing
is an optimal solution for him or her so that he or she can be removed from the
market; if a good has zero value to every consumer, then it is a “free” good with
zero price in a price equilibrium and can be arbitrarily distributed among the
consumers so that it can be removed from the market too.

For given prices p; on good j, consumer ¢’s maximization problem is

maximize  u; (X1, ...y Tin)
subject to 3, p pjzi; < w, (2)
Tij Z O, VJ

Let x} denote a maximal solution vector of (2]). Then, vector p is called a Fisher
price equilibrium if there is z} for each consumer such that

*_
E T, =e

i€C

where e is the vector of all ones representing available goods on the exchange
market.

Problem (@) can be rewritten as an linear program, after introducing a scalar
variable u;, as

maximize U
subject to Zjeijmij < wj, 3)
Ui — ZjEP UZJJZ] < 0, Vk‘,

uiy, Tij >0, Vi
Besides (u;, z;) being feasible, the optimality conditions of (@] are

)\ipj — kafuf Z O, VJ S P
DR = (4)

)\iwi = U;.

for some A;, Wf > 0.

It has been shown by Eisenberg and Gale [12,[T1L[13] (independently later by
Codenotti et al. [3]) that a Fisher price equilibrium is an optimal Largrange
multiplier vector of an aggregated convex optimization problem:

maximize Ziec w; log u;
subject to Siecwii =1, VjeP, -
Ui — ZjeP ufjxij <0, Vk,ieC,

Uq, xij Z 0, VZ,]
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Conversely, an optimal Largrange multiplier vector is also a Fisher price equi-
librium, which can be seen from the optimality conditions of (&l):

. D —kzk wfufj >0, Vz:,j

™ (Zjep U5 Lij — u;) =0, Vi, k 6)
2ij(pj — Yo miug;) =0, Vi, j
Uj Zk’fr- = W, Vi.

e

N

for some p;, the Largarange multiplier of equality constraint of j € P, and
some Wf > 0, the Largarange multiplier of inequality constraint of i € C' and k.
Summing the second constraint over k we have

w; = Zﬂ'fuz = Zﬂ'f Z U?jl’zj = Z (xij Zﬂ'fﬂf}) 5 VZ,
k k jeP jeP k
then summing the third constraint over j we have
jepP jepP k
This implies that x; from the aggregate problem is feasible for ([B]). Moreover,
note that 7% in (@) equals 7¥/); in (@). Thus, finding a Fisher price equilibrium

is equivalent to finding an optimal Largrange multiplier of (&)).
In particular, if each u¥(z;) has the Leontief utility form, i.e.,

uf(mz) = xik, Vk=j€P
ik

for a given a;; > 0. Then, upon using u; to replace variable x;;, the aggregated
convex optimization problem can be simplified to

maximize ), w; logu;

subject to ATu <e, (7)
u > 0;
where the Leontief matrix
a1 @iz ... G1ip uy
A= | @2 @22 - G20 and variable vector u= | 2 |. (8)
Am1 Gm2 - Gmn Um,

3 The Weighted Analytic Center Problem

In [26] the Eisenberg-Gale aggregated problem was related to the (linear) ana-
lytic center problem studied in interior-point algorithms
maximize Y7, w; log(z;) (9)
subject to Ax = b,
x>0,
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where the given A is an m X n-dimensional matrix with full row rank, b is an
m-dimensional vector, and w; is the nonnegative weight on the jth variable.
Any x who satisfies the constraints is called a primal feasible solution, while any
optimal solution to the problem is called a weighted analytic center.

If the weighted analytic center problem has an optimal solution, the optimality

conditions are
Sr = w,
Az =0b, >0, (10)
—ATy+5=0, s>0,

where y and s are the Largrange or KK'T multipliers or dual variable and slacks
of the dual linear program:

min bTy subject to s= ATy >0,

and S is the diagonal matrix with slack vector s on its diagonals.

Let the feasible set of (@) be bounded and has a (relative) interior, i.e., has
a strictly feasible point # > 0 with Az = b (clearly holds for problem (&) and
([@). Then, there is a strictly feasible dual solution s > 0 with s = ATy for some
y. Furthermore, [26], based on the literature of interior-point algorithms (e.g.,
Megiddo and Kojima et al. [I9,[I8] and Giiler [I4]), has shown that

Theorem 1. Let A,b be fized and consider a solution (z(w),y(w), s(w)) of (1)
as a mapping of w > 0 with Zj w; = 1. Then,

— The mapping of St, ={z >0€ R": efz =1} to Fy = {(z > 0,y,s >
0): Az =0b, s = ATy} is one-to-one, continuously and differentiable.

— The mapping of ST ={x>0€ R": Tz =1} to Fy ={(z >0,y,s >0) :
Ax =b, s = ATy} is upper semi-continuous.

— The pair (z;(w), s;(w)) is unique for any j € W = {j: w; >0}, and

ol (w)s} (w) = o (w)s; (w) =0, Vj ¢ W

and for any two solutions (z'(w),y’ (w), s'(w)) and (" (w),y" (w), " (w)) of
0.

From this theorem, we see that, in the Fisher equilibrium problem (&) or (@),
u;(w), the utility value of each consumer, is unique; but the price vector p(w)
can be non-unique.

In addition, a modified primal-dual path-following algorithm was developed
n [26], for computing an e-solution for any € > 0:

ISz — w| <e,
Az =0, >0, (11)
~ATy+5=0, s>0.

Theorem 2. The primal-dual interior-point algorithm solves the weight ana-
Iytic center problem (@) in O(y/nlog(nmax(w)/€)) iterations and each iteration
solves a system of linear equations in O(nm?+m?) arithmetic operations. If Kar-
markar’s rank-one update technique is used, the average arithmetic operations
per iteration can be reduced to O(n'->m).
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A rounding algorithm is also developed for certain types of problems possessing
a rational solution, and the total iteration bound would be O(y/nL) and the
average arithmetic operation bound would be O(n':5m) per iteration, where
L is the bit-length of the input data A,b,w. These results indicate, for the
first time, that the complexity of the Fisher equilibrium problem with linear
substitution utility functions is completely in line with linear programming of
the same dimension and size.

4 The Arrow-Debreu Equilibrium Problem

The Arrow-Debreu exchange market equilibrium problem which was first formu-
lated by Leon Walras in 1874 [24]. In this problem everyone in a population of
m players has an initial endowment of a divisible good and a utility function for
consuming all goods—their own and others. Every player sells the entire initial
endowment and then uses the revenue to buy a bundle of goods such that his or
her utility function is maximized. Walras asked whether prices could be set for
everyone’s good such that this is possible. An answer was given by Arrow and
Debreu in 1954 [I] who showed that such equilibrium would exist if the utility
functions were concave.

We consider a special class of Arrow-Debreu’s problems, where each of the
m = n players have exactly one unit of a divisible good for trade (e.g., see
[15.2€]), and let player i, ¢ = 1,...,m, bring good 7 = ¢ and have the linear
substitution utility function of (). We call this class of problems the pairing
class. The main difference between Fisher’s and Arrow-Debreu’ models is that, in
the latter, each player is both producer and consumer and the initial endowment
w; of player ¢ is not given and will be the price assigned to his or her good 1.
Nevertheless, we can still write a (parametric) convex optimization model

maximize > wilogu;
subject to > . x;; =1, VY,
U; S Zj ufjxij, Vi, k‘,
Uq, xij Z 0, Vi,j,

where we wish to select weights w;’s such that an optimal Largrange multiplier
vector p equals w. It is easily seen that any optimal Largrange multiplier vector
p satisfies

p>0 and eTp=elw.

For fixed ufj, consider p be a map from w. Then, the mapping is from S} to
", and the mapping is upper semi-continuous from Theorem [l Thus, there is
aw € ST such that an Largrange multiplier vector p(w) = w from the Kakutani
fixed-point theorem (see, e.g., [22,[23],25]). This may be seen as an alternative, re-
stricted to the case of the linear substitution utility functions, to Arrow-Debreu’s
general proof of the existence of equilibria.
We now focus on the Arrow-Debreu equilibrium with the (complete) Leontief
utility function:
ub (z;) = %, Vek=j=1,...m
ik
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for a given a;; > 0. Recall the parametric convex optimization model (7]) where
the Leontief matrix A of () is a m x m positive matrix. Let p € R™ be an
optimal Largrange multiplier vector of the constraints. Then, we have

Uy Zj aijpj = w; Vi, and pj(l — Zz aijui) =0 Vj,
> aiju; < 19, and u;, pj > 0 Vi, j.

Thus, the Arrow-Debreu equilibrium p € R™, together with u € R™, satisfy

UAp =p,
P(e — ATu) =0,
ATy < e,
u, p>0,

(12)

where U and P are diagonal matrices whose diagonal entries are u and p, re-
spectively. The Arrow-Debreu theorem implies that nonzero p and v exist for
this system of equalities and inequalities, even in general case where A > 0, that
is, some a;r = 0 in the Leontief matrix.

5 Characterization of an Arrow-Debreu Equilibrium

If u; > 0 at a solution (u,p # 0) of system (I2)), we must have p; > 0, that is,
player i’s good must be priced positively in order to have a positive utility value.
On the other hand, p; > 0 implies that ZZL ag;ur = 1, that is, good ¢ must
be all consumed and gone. Conversely, if p; > 0, we must have u; > 0, that is,
player 4’s utility value must be positive. Thus, there is a partition of all players
(or goods) such that

B={i: p;>0} and N={i: p; =0}
where the union of B and N is {1,2,...,m}. Then, (u,p) satisfies

(UsABB)pB = PB>
AgBuB =e,
AENUB S €,
ug, pp > 0.

Here App is the principal submatrix of A corresponding to the index set B,
Apn is the submatrix of A whose rows in B and columns in N. Similarly, up
and pp are subvectors of v and p with entries in B, respectively.

Since the scaled Leontief matrix UpApp is a (column) stochastic matrix
(ie., eTUpApp = €T), pp must be the (right) Perron-Frobenius eigen-vector
of UgAgp. Moreover, Agp is irreducible because UgApp is irreducible and
ug > 0, and UgApp is irreducible because pg > 0. To summarize, we have

Theorem 3. Let B C {1,2,...,n}, N = {1,2,...,n} \ B, Agp be irreducible,
and up satisfy the linear system

ALpup =e, ALyup <e, and up > 0.
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Then the (right) Perron-Frobenius eigen-vector pp of UgApp together with
pn = 0 will be an Arrow-Debreu equilibrium. And the converse is also true.
Moreover, there is always a rational Arrow-Debreu equilibrium for every such
B, that is, the entries of price vector are rational numbers, if the entries of A
are rational. Furthermore, the size (bit-length) of the equilibrium is bounded by
the size of A.

Our theorem implies that the players in block B can trade among them self
and keep others goods “free.” In particular, if one player likes his or her own
good more than any other good, that is, a; > a;; for all j. Then, u; = 1/a;;,
p; =1, and u; = p; = 0 for all j # ¢, that is, B = {i}, makes an Arrow-Debreu
equilibrium. The theorem thus establishes, for the first time, a combinatorial
algorithm to compute an Arrow-Debreu equilibrium with Leontief’s utility by
finding a right block B # @, which is actually a non-trivial complementarity
solution to a linear complementarity problem (LCP)

ATu+v=re, uTv=0, 0#£u,v>0; (13)

see, e.g., [0] for more references on LCP. If A > 0, then any complementarity
solution w # 0 and B = {j : u; > 0} of (I3) induce an equilibrium that is
the (right) Perron-Frobenius eigen-vector of Up App, and it can be computed in
polynomial time by solving a linear equation. If A is not strictly positive, then
any complementarity solution v # 0 and B = {j : u; > 0}, as long as App is
irreducible, induces an equilibrium. The equivalence between the pairing Arrow-
Debreu model and the LCP also implies that LCP ([I3]) always has a comple-
mentarity solution u # 0 such that App is irreducible where B = {j : u; > 0}.

The pairing class of Arrow-Debreu’s problems is a rather restrictive class of
problems. Consider a general supply matrix 0 < G € R™*"™ where row i of G
represents the multiple goods brought to the market by player i, ¢ = 1,...,m.
The pairing model represents the case that G = I, the identity matrix, or G = P
where P is any permutation matrix of m x m.

What to do if one player brings two different goods? One solution is to copy
the same player’s utility function twice and treat the player as two players with
an identical Leontief utility function, where each of them brings only one type
of good. Then, the problem reduces to the pairing model. Thus, we have

Corollary 1. If all goods are different from each other in the general Arrow-
Debreu problem with Leontief’s utility, i.e., each column of G € R™*™ has ex-
actly one positive entry, then there is always a rational equilibrium, that is, the
entries of a price vector are rational numbers.

Now what to do if two players bring the same type of good? In our present
pairing class, they will be treated as two different goods, and one can set the
same utility coefficients to them so that they receive an identical appreciation
from all the players. Again, the problem reduces to the pairing class, which leads
to rationality. The difference is that now these two “same” goods may receive two
different prices; for example, one is priced higher and the other is at a discount
level. I guess this could happen in the real world since two “same” goods may
not be really the same and the market does have “freedom” to price them.
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6 An Illustrative Example

The rationality result is interesting since the existence of a rational equilibrium
is not true for Leontief’s utility in Fisher’s model with rational data, see the
following example converted in Arrow-Debreu’s setting, with three consumers
each of whom has 1 unit money (the first good) and two other goods (the second
and third) brought by a seller (the fourth player) who is only interested in money,
adapted from Codenotti et al. [3] and Eaves [9].

014 100
011 100
A= 02% and G = 100
100 011

There is a unique equilibrium for this example where the utility values of the
three consumers are uj = 3\/§, = 3 + 3\/3’ uj = 13—0 — %, and the utility
value of the seller u} = 3. The equ1hbr1um price for good 1 (money) is pj = 1,
and for other two goods are p = 3(v/3 — 1), and p3 = 3(2 — V/3).

However, if we treat the money from each consumer differently, that is, let

0001 3 10000
00031 01000
A=loools | ad E=|gg100
11100 00011

Then, there are multiple rational equilibria and here are a few:

1. B={1,4}, with v = u} =1 and pf = p; = 1, and u = u} = p5 = pj =
ps =0;

2. B ={2,5}, with u} = u} =1 and p5 = pi = 1, and u} = uj = p; = pj§ =
Py =0;

3. B=1{3,4}, with v} =4 and w}j = 1 and p§ = p; = 1, and u} = uj = pj =
Py =ps =0;

4. B ={1,2,3,4,5}, with an equilibrium v} = %, uy = %, uy = %, uy =1,
plzgg,pg gg,pg —andp47p5 % .
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Abstract. We provide the first strongly polynomial time exact com-
binatorial algorithm to compute Fisher equilibrium for the case when
utility functions do not satisfy the Gross substitutability property. The
motivation for this comes from the work of Kelly, Maulloo, and Tan [I5]
and Kelly and Vazirani [I6] on rate control in communication networks.
We consider a tree like network in which root is the source and all the
leaf nodes are the sinks. Each sink has got a fixed amount of money
which it can use to buy the capacities of the edges in the network. The
edges of the network sell their capacities at certain prices. The objec-
tive of each edge is to fix a price which can fetch the maximum money
for it and the objective of each sink is to buy capacities on edges in
such a way that it can facilitate the sink to pull maximum flow from
the source. In this problem, the edges and the sinks play precisely the
role of sellers and buyers, respectively, in the Fisher’s market model. The
utility of a buyer (or sink) takes the form of Leontief function which is
known for not satisfying Gross substitutability property. We develop an
O(m?) exact combinatorial algorithm for computing equilibrium prices
of the edges. The time taken by our algorithm is independent of the val-
ues of sink money and edge capacities. A corollary of our algorithm is
that equilibrium prices and flows are rational numbers. Although there
are algorithms to solve this problem but they are all based on convex
programming techniques. To the best of our knowledge, ours is the first
strongly polynomial time exact combinatorial algorithm for computing
equilibrium prices of Fisher model under the case when buyers’ utility
functions do not satisfy Gross substitutability property.
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1 Introduction

The study of market equilibrium has occupied central stage within both positive
(or descriptive) and normative (or prescriptive) economics. The notion of mar-
ket equilibrium was first proposed by Walras [I9] This equilibrium is popularly
known as competitive or Walrasian equilibrium. Contemporary to Walras, Irving
Fisher [I8] also independently modeled the market equilibrium in 1891. However,
Fisher’s model turns out to be the special case of Walras’ model. Fisher’s market
model assumes that there are two kinds of traders in the market: buyers and
sellers who trade over a finite set of commodities. Buyers have money and utility
functions for goods. Sellers have initial endowment of goods and want to earn
money. The equilibrium prices are defined as assignment of prices to goods, so
that when every consumer buys an optimal bundle then market clears i.e. all the
money is spent and all the goods are sold. If money is also considered as a com-
modity then it is easy to see that Fisher model is a special case of Walras model.

The existence of market equilibrium is a deeply investigated problem. It is the
seminal work of Arrow and Debreu [I] which proved the existence of competitive
market equilibria under quite general setting of concave utility functions by
applying Kakutani’s fixed point theorem. The proof outlined by Arrow-Debreu
is highly non-constructive in nature and, therefore, the natural question down
the line is the existence of an efficient computation process which establishes
equilibrium. In this paper, we provide the first strongly polynomial time exact
combinatorial algorithm to compute Fisher equilibrium for the case when utility
functions do not satisfy the Gross substitutability property. The time complexity
of our algorithm is independent of the values of input data. We also show that
output of our algorithm consists of only rational numbers.

2 Related Work

The recent papers by Papadimitriou [I7] and Deng et al. [3] have raised and
partly answered the question of efficient computability of Walrasian equilib-
rium. The problem of developing an efficient algorithm for computing Walrasian
equilibrium has been addressed from many perspectives. Some of the algorithms
are based on solving nonlinear convex programs [13,20], following the classical
approach of Eisenberg and Gale [7]. The other known algorithms are primal-
dual-type, initiated by Devanur et al. [4], and auction-based introduced by
Garg et al. [9].

For the special case of linear utility functions, Deng et al [3] first developed
a polynomial-time algorithm for the case when the number of goods or agents
is bounded. Devanur et al [4] have proposed a polynomial-time algorithm via a
primal-dual type approach for Fisher’s equilibrium under liner utility - a spe-
cial case of Walrasian equilibrium. [5] et al have further proposed an improved
approximation scheme for the same problem. Jain, Mahadian, and Saberi [12]
have proposed a fully polynomial time approximation algorithm to compute
Walrasian equilibrium for the case when utility functions satisfy Gross substi-
tutability property. Garg et al. [9] have also proposed a fully polynomial time
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approximation algorithm for the same problem but they use auction based ap-
proach. Jain [I3] gives a convex program for the linear version of Walrasian
model and uses the ellipsoid algorithm and diophantine approximation to ob-
tain a polynomial time algorithm for this case as well, thereby settling the open
problem of computing the market equilibria efficiently under the scenario when
utilities are linear. However, designing efficient market equilibrium algorithms
for general convex utility functions is still an open problem.

The problem of computing the market equilibrium with linear utilities is com-
paratively simpler because they satisfy the gross substitutability, i.e., increasing
the price of one good cannot decrease the demand for another. Hence for such
utility functions, monotonically raising prices suffices. In contract, concave and
even piecewise-linear and concave, utility functions do not satisfy gross substi-
tutability, hence requiring the more involved process of increasing and decreasing
prices. Therefore, designing market equilibrium algorithms for them remains an
outstanding open problem.

3 Fisher Equilibrium and Gross Substitutability

Consider a market consisting of n buyers and m divisible goods. Buyer 7 has,
initially, a positive amount of money m;. The amount of good j available in the
market is ¢;. Let for buyer ¢, X; C R" represents the consumption set, i.e., the
set of bundles of m goods which buyer ¢ can consume. Let u; : X; — R be the
utility function for buyer i. Given the prices pi,...,pm, it is easy to compute
the bundle z; € X; which will maximize buyer i’s utility subject to his budget
constraint. The prices p1,...,pm are said to be Fisher or market equilibrium
prices if after each buyer is assigned such an optimal bundle, there is no surplus
or deficiency of any goods. If z;; denotes the amount of good j bought by buyer
i at prices pi,...,p%,, then it can be verified [I] that this price vector pf, ..., p:,
is Fisher equilibrium iff it satisfies the following conditions:

- (Z?:lx;‘kj_cj) <0Vj=1,...,m;

—Dj (Z?ﬂx;j*%‘) =0Vj=1,....,m
— xf maximizes u;(x;) over the set {xi € Xj| Z;":l xijp;'f < mi}
- P; >0Vvy=1,...,m

The Arrow-Debreu theorem [I] says that if the utility functions u,(.) are concave
then such an equilibrium price vector always exists. It is easy to see that in
equilibrium, each buyer must spend his full budget.

Gross substitutability is a well-studied property [10] that has useful economic
interpretation. Goods are said to be Gross substitutes for a buyer iff increasing
the price of a good does not decrease the buyer’s demand for other goods. Note
that, whether goods are Gross substitutes or not for a given buyer i depends
solely on his own utility function w;(x;). It can be shown that not all concave
utility functions satisfy this property. Computing Fisher equilibrium when the
buyers utility functions do not satisfy Gross substitutability property is far more
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difficult problem than the case when they satisfy this property. A frequently
arising utility functions that do not satisfy this property are Leontief utility
function. A Leontief utility function for buyer ¢ in Fisher’s model is something
like this: u;(x;) = min;(z;;). We will be using this utility function in our problem.

4 Problem Statement

The precise problem we solve is the following: Let T' = (V, E) be a tree with
integer capacities on edges. Let root of the tree be a source node and T =
{t1,...,tx} be the sink nodes. Without loss of generality, we can assume that
each sink ¢; is the leaf node and conversely each leaf node is a sink[] The sinks
have budgets myq, ..., mg, respectively. Each sink can use its budget to buy
the capacities of the edges in the network. The edges of the network sell their
capacities at certain prices. The objective of each edge is to fix a price which
can fetch maximum money for it and, at the same time, objective of each sink
is to buy capacities on edges in such a way that it can facilitate the sink to pull
maximum flow from the source. In order to map this problem to Fisher’s market
model, we view edges as the sellers who are trying to sell their capacities and
sinks as buyers who are trying to buy the capacities on the edges and whose
Leontief utilities are given by u;(x;) = min;j;ep, (74;), where x;; is amount of
the capacity bought by sink ¢; on edge j and P; is the collection of edges that
forms a unique path from source to sink ¢;. The problem is to determine Fisher
equilibrium prices for all edges and flows from the source to the sinks. It is
easy to verify from previous section that edge prices p.Ve € E and flows f;
from source to each sink t;, form Fisher equilibrium iff they satisfy the following
conditions:

1. fe<cVee E
2. For any edge e € E, if p, > 0, then f. = c,
3. For any edge e € FE, if f. < c., then p. =0

4 fj=—mi
fl (Zewepi pe)

5. pe > 0We € E, f; >0Vt €T

where ¢, and f. are the capacity and total flow, respectively for the edge e € E.
The P is the set of edges which forms a unique path in the tree T' from source to
the sink ¢;. For each edge e € E, the total flow f. is given by flow conservation
equation f, = Emee p, fi- Note that the first condition corresponds to capacity
constraint, the second, third, and fourth conditions correspond to three equilib-
rium conditions, and the fifth condition is obviously a nonnegativity constraint.
Also note that in view of the first condition, the second condition can be relaxed
slightly and f.=c. can be replaced by f.> c..

L If a sink ¢; is an internal node then we can always add an additional leaf edge of
infinity capacity at that particular internal node and push the sink ¢; to this newly
generated leaf node. Similarly, if a leaf node is not a sink then we can just remove
the corresponding leaf edge from the tree.
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5 Convex Programs and Equilibrium

It is interesting to see that the problem of computing market equilibrium that we
sketched in previous section is captured by following Eisenberg-Gale type convex
program that maximizes sum of logarithms of flows, weighted by budgets, subject
to capacity constraints on the flows.

Maximize Z m; log f; (1)
t; €T

subject to Z fi<c.VeeE
tileeP;
fi >0Vt; eT

Let p.’s be the dual variables (also called Lagrange multipliers) corresponding
to the first set of constraints; we will interpret these as prices of edges. Using
KKT conditions, one can show that f;’s and p.’s form an optimal solution to
primal and dual problems, respectively, iff they satisfy:

1. Primal Feasibility: 3. Complementary Slackness:
Yiijeep, fi <ce Ve € E pelce =Yy jeep, fi) =0 Ve € E
Jiz 0Vt eT 4. Lagrange Optimality:

2. Dual Feasibility: fi=—2 Vi eT
pe>0Vec€ FE. (ZE|GGP7‘, Pe)

It is easy to verify that above conditions are precisely the same as the six condi-
tions mentioned in the previous section which must be satisfied by the output of
our algorithm. Thus, we basically develop a strongly polynomial algorithm for
this problem. Our primal variables are flows and dual variables are edge prices.
We observe that equilibrium prices are essentially unique in the following sense:
for each sink t;, the cost of the path from source to the sink is the same in all
equilibria. We call the cost of the path from source to the sink ¢; as price(t;) and
it is given by > clecp, De- A corollary of our algorithm is that equilibrium prices
and flows are rational numbers. We show that this does not hold even if there
are just two sources in the tree.

Eisenberg [0] generalized the Eisenberg-Gale convex program to homothetic
utility functions (and thus to Leontief). An approach based on Eisenberg’s result
[6] was used by Codenotti et al. [2] to address the same problem that we are
solving here

6 The Algorithm

Here is a high level description of our algorithm: We start with zero prices of
the edges and iteratively change prices. Since prices are zero initially, all the
sinks draw infinity flows and hence all the edges are over-saturated; we itera-
tively decrease the number of such edges. We maintain the following invariants
throughout our algorithm

2 We were not aware of these references while preparing the manuscript. Our special
thanks to the referee for point out these important references.
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I1. For any edge e € E, if p. > 0, then f. > ¢
I2. For any edge e € E, if f. < ¢, then p, =0

8. fi= " Vel
U S I
4. p.>0Ve € E, f; > OVt € T

15. fo=Yy cp fiVe € E

Thus, we maintain dual feasibility, complementary slackness, and Lagrange opti-
mality conditions throughout the algorithm. The only condition that is not main-
tained is primal feasibility. Thus, our algorithm would terminate at the point
where primal feasibility is attained. At such point, all KKT conditions would
have been met and the current values of f; and p. would be the desired solution.
At any instant during the course of the algorithm, each edge would be marked
either red or green. If an edge e is marked as green then it means that primal fea-
sibility condition f. < ¢, is being satisfied at that edge. Initially, all the edges are
red and the subroutine make-green converts at least one red edge into green.
Later we will show that this algorithm also maintains the following invariants.

16. The parameter price(t;) to each sink t; is non-decreasing throughout the
algorithm, and flows f; are non-increasing.

I7. At any instant, the price of a red edge is zero and the set of red edges forms
a subtree containing the root of the original tree.

6.1 Feasible Flow

We will say that vertex w is lower than v if there is a path from v to w in T.
Similarly edge (u,v) is lower than (a,b) if there is a path from b to w in T.

Consider a partition P of E into red and green edges. Let p. be the current
assignment of prices to the edges. Let this partition-price pair (P, p) satisfies the
invariant I7. A flow f is said to be feasible for this partition-price pair (P,p) if
it satisfies the five invariant conditions I1 through I5 mentioned earlier.

We present a subroutine below called make-green. Given a partition-price
pair (P, p) which satisfies the invariant I7, and a feasible flow for this partition-
price pair, f, make-green converts at least one red edge into green. It re-
turns the new partition, new prices for edges, and a feasible flow for the new
partition-price pair. The partition and the new edge prices returned by make-
green respect the invariant I7. Subroutine make-green accomplishes this in
O(m?) computations (see Section [7]). make-green accomplishes this via an in-
volved process that increases and decreases prices on edges. Clearly, O(m) calls
of make-green suffice. The lemmas in Section [ lead to:

Theorem 1. O(m3) computations suffice to find an optimal solution to con-
vex program () and the corresponding equilibrium prices and flows for trees.
Furthermore, such trees always admit a rational solution.

Lemma 1. The time taken by the algorithm does not depend on actual values of
sink money and edge capacities and therefore the algorithm is strongly polynomial.
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6.2 Subroutine Make-Green

Subroutine make-green works iteratively. It starts by picking a topologically
lowest red edge (u,v), i.e., all edges lower than (u,v) are green. If in the given
feasible flow f, the edge (u,v) carries a flow less than or equal to its capacity
then turn this edge into green. Otherwise, let Z be the set of vertices reachable
from v by following green zero price edges. Z is called a zero component of the
edge (u,v). Let A be the set of edges both whose end points are in Z. Let B
be the set of edges incident on Z, excluding the edge (u,v). Clearly, all edges in
A must be green and must have zero prices and all edges in B must be green
and must have positive prices. Let T7 C T be the set of sinks that are sitting
inside the zero component Z, To C T be the set of sinks that are sitting outside
the zero component Z but are lower than vertex v, and Ts C T be the set of
remaining sinks. Note that it is quite possible that T3 is an empty set.

Now the idea is following. Increase the price of the red edge (u, v) and decrease
the price of each edge in the set B by the same amount. This will result in
price(t;) to be undisturbed for all the sinks in the set T5 as well as in the set T5.
However, this would decrease the price(t;)for all the sinks in the set 77. After
changing these prices we would recompute the flows f; for each sink by using
the formula given by invariant I3. Note that f; would remain unchanged for all
the sinks in the set T as well as in the set T5. However, f; would decrease for
all the sinks in the set T7. Thus, the flow on edge (u,v) may decrease.

The obvious question now is how much to increase the price of red edge (u, v).
Note that during this process of increasing the price of edge (u,v), any one of
the following two events may occur.

E1: The flow on edge (u,v) hits its capacity
E2: The price of some edge in the set B goes to zero.

If the event E1 occurs then turn the red edge (u,v) into green and this will
give a new partition with an extra green edge, the new prices for edges, and
a feasible flow for the new partition-price pair. If the event E2 occurs then we
freeze the price of edge (u,v) and the edges in the set B at their current values.
Now we need to reconstruct the zero component Z and the sets A, B, 17,75, and
T5. We now repeat the process of increasing the price of red edge (u,v) from its
current value. In order to identify which one of these two events has occurred,
we maintain the following quantities:

Min = mg, fgreen = fia Pmin = min (Pe|€ € B)
>

ti€Ty ti€Ts
Now we distinguish between two cases:

— Case 1: (fgreen > Cluw))
It is easy to see that if this is the case then next event would be E2.
— Case 2: (fgreen < c(u,v))

Under this case, it is east to verify that if m—=

(u,v) _fgreen

— Pluw) < Dmin then
event E1 will occur, otherwise event E2 will occur.
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Algorithm [ gives the pseudo code for the subroutine make-green.

Algorithm 1. Subroutine make-green

Procedure make — green(V, E, m, mark[.], f,p):
1: find topologically lowest edge e such that mark[e] = red
2: if f. < c. then
3:  markle] < green
return
: else

Min < ZtieTl mi
. fgreen — ZtiETQ 7
9:  Pmin < min (pele € B)
10:  if fgreen > ce then

4
5
6:  construct zero component Z, sets B,T1, and T» for the edge e
7.
8

11: Dot <= Per — Pmin V' € B

12: Pe < Pe + Pmin

13: frip — 32Vt e

14: Go to line number 6

15:  else if (#‘g’;em - pe) < Pmin then
16: Dot — Por — (Ce_"}'ér'm" fpe) Ve’ € B
170 pe = g2

18: fo = SVt €

19: markle] — green

20: return

21: else

22: Go to line number 12

23:  end if

24: end if

7 Analysis

In this section we state key observations and facts pertaining to the algorithm.
We have omitted the proofs due to paucity of space. However, most of the proofs
are quite straightforward and follow directly from the way we have structured
the algorithm.

Lemma 2. If an edge e becomes green in an iteration then it will remain green
in all the future iterations.

Corollary 1. The number of iterations executed by subroutine make-green is
bounded by O(m) and its running time is bounded by O(m?). The running time of
make-green is independent of actual values of sink money and edge capacities.

Lemma 3. The invariant IT is maintained throughout the algorithm.

Theorem 2. The flow maintained by the algorithm is feasible.
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Theorem 3. The prices p and flow f attained by the algorithm at its termina-
tion are equilibrium prices and flow.

Lemma 4. The invariant 16 is maintained throughout the algorithm.

7.1 Rational Solution

The results in this section highlights the fact that the solution given by our
algorithm consists of only rational numbers.

Theorem 4. As long as all the sinks in the tree draw their flow from single
source, the convex program () has a rational solution.

Lemma 5. Fuven if there are multiple equilibria for convex program (), the path
price for each sink t; , i.e. price(t;), is unique.

Lemma 6. The path price for each sink t; , i.e. price(t;), is a rational number.

7.2 Multiple Sources and Irrational Solution

If there are multiple sources present in the tree then it may give rise to irrational
equilibrium prices and flows. For example, consider a tree on three nodes, {a, b, c}
and two edges {ab, bc}. Let the capacity of (a,b) be one unit and the capacity of
(b, ¢) be two units. The source sink pairs together with their budgets are: (a, b, 1),

(a,c,1), (b, ¢, 1). Then the equilibrium price for ab is v/3 and for be it is T

8 Discussion

The primal-dual schema has been very successful in obtaining exact and ap-
proximation algorithms for solving linear programs arising from combinatorial
optimization problems. [4] and our paper seem to indicate that it is worthwhile
applying this schema to solving specific classes of nonlinear programs. There
are several interesting convex programs in the Eisenberg-Gale family itself, see
[14] and the references therein. Another family of nonlinear programs deserv-
ing immediate attention is semidefinite programs. Considering the large running
time required to solve such programs, it will be very nice to derive a combina-
torial approximation algorithm for MAX CUT for instance, achieving the same
approximation factor as [I1].

Extending our algorithm to handling arbitrary directed cyclic graphs is an-
other challenging open problem. Also interesting will be to obtain approximation
algorithms for the cases where the solution is irrational. Another interesting ques-
tion is to obtain an auction-based algorithm for tree (or acyclic graphs) along the
lines of [§]. Such an algorithm will be more useful in practice than our current
algorithm.
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Abstract. In pay-per-click online advertising systems like Google, Over-
ture, or MSN, advertisers are charged for their ads only when a user clicks
on the ad. While these systems have many advantages over other meth-
ods of selling online ads, they suffer from one major drawback. They are
highly susceptible to a particular style of fraudulent attack called click
fraud. Click fraud happens when an advertiser or service provider gener-
ates clicks on an ad with the sole intent of increasing the payment of the
advertiser. Leaders in the pay-per-click marketplace have identified click
fraud as the most significant threat to their business model. We demon-
strate that a particular class of learning algorithms, called click-based al-
gorithms, are resistant to click fraud in some sense. We focus on a simple
situation in which there is just one ad slot, and show that fraudulent clicks
can not increase the expected payment per impression by more than o(1)
in a click-based algorithm. Conversely, we show that other common learn-
ing algorithms are vulnerable to fraudulent attacks.

1 Introduction

The Internet is probably the most important technological creation of our times.
It provides many immensely useful services to the masses for free, including such
essentials as web portals, web email and web search. These services are expen-
sive to maintain and depend upon advertisement revenue to remain free. Many
services such as Google, Overture, and certain components of MSN, generate
advertisement revenue by selling clicks. In these pay-per-click systems, an adver-
tiser is charged only when a user clicks on his ad.

A scenario of particular concern for service providers and advertisers in pay-
per-click markets is click fraud — the practice of gaming the system by creating
fraudulent clicks, usually with the intent of increasing the payment of the adver-
tiser. As each click can cost on the order of $1, it does not take many fraudulent
clicks to generate a large bill. Just a million fraudulent clicks, generated per-
haps by a simple script, can cost the advertiser $1,000,000, easily exhausting his
budget. Fraudulent behavior threatens the very existence of the pay-per-click ad-
vertising market and has consequently become a subject of great concern [51[7,[8].
Recently, Google CFO George Reyes said, in regards to the click fraud problem,
that “I think something has to be done about this really, really quickly, because
I think, potentially, it threatens our business model.” [§].

X. Deng and Y. Ye (Eds.): WINE 2005, LNCS 3828, pp. 34-F5] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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A variety of proposals for reducing click fraud have surfaced. Most service
providers currently approach the problem of click fraud by attempting to auto-
matically recognize fraudulent clicks and discount them. Fraudulent clicks are
recognized by machine learning algorithms, which use information regarding the
navigational behavior of users to try and distinguish between human and robot-
generated clicks. Such techniques require large datasets to train the learning
methods, have high classification error, and are at the mercy of the “wisdom”
of the scammers. Recent tricks, like using cheap labor in India to generate these
fraudulent clicks [9], make it virtually impossible to use these machine learning
algorithms.

Another line of proposals attempts to reduce click fraud by removing the
incentives for it. Each display of an ad is called an impression. Goodman [2] pro-
posed selling advertisers a particular percentage of all impressions rather than
user clicks. Similar proposals have suggested selling impressions. For a click-
through-rates of 1%, the expected price per impression in the scenario mentioned
above is just one cent. Thus, to force a payment of $1,000,000 upon the adver-
tiser, 100,000,000 fraudulent impressions must be generated versus just 1,000,000
fraudulent clicks in the pay-per-click system. When such large quantities of fraud
are required to create the desired effect, it ceases to be profitable to the scammer.

Although percentage and impression based proposals effectively eliminate
fraud, they suffer from three major drawbacks. First, the developed industry
standard sells clicks, and any major departure from this model risks a negative
backlash in the marketplace. Second, by selling clicks, the service provider sub-
sumes some of the risk due to natural fluctuations in the marketplace (differences
between day and night or week and weekend, for example). Third, by requesting
a bid per click, the service provider lessons the difficulty of the strategic calcula-
tion for the advertiser. Namely, the advertiser only needs to estimate the worth
of a click, an arguably easier task than estimating the worth of an impression.

In this paper, we attempt to eliminate the incentives for click fraud in a system
that sells clicks. We focus on a common pay-per-click system, generally believed
to be used by Google [3] among others, which has been shown empirically to have
higher revenue [I,[4] than other pay-per-click systems like that of Overture [6].
This system is based on estimates of the click-through rate (CTR) of an ad.
The CTR is defined as the likelihood, or probability, that an impression of an
ad generates a click. In this system, each advertiser submits a bid which is
the maximum amount the advertiser is willing to pay per click of the ad. The
advertisers are then ranked based on the product of their bids and respective
estimated CTRs of their ads. This product can be interpreted as an expected bid
per impression. The ad space is allocated in the order induced by this ranking.
Advertisers are charged only if they receive a click, and they are charged an
amount inversely proportional to their CTR.

In pay-per-click systems, when a fraudulent click happens, an advertiser has
to pay for it, resulting in a short term loss to the advertiser whose ad is being
clicked fraudulently. However, in the system described above, there is a long
term benefit too. Namely, a fraudulent click will be interpreted as an increased
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likelihood of a future click and so result in an increase in the estimate of the CTR.
As the payment is inversely proportional to the CTR, this results in a reduction
in the payment. If the short term loss and the long term benefit exactly cancel
each other, then there will be less incentive to generate fraudulent clicks; in
fact, a fraudulent click or impression will only cost the advertiser as much as
a fraudulent impression in a pay-per-impression scheme. Whether this happens
depends significantly on how the system estimates the CTRs. There are a variety
of sensible algorithms for this task. Some options include taking the fraction of
all impressions so far that generated a click, or the fraction of impressions in the
last hour that generated a click, or the fraction of the last hundred impressions
that generated a click, or the inverse of the number of impressions after the most
recent click, and so on.

We prove that a particular class of learning algorithms, called click-based
algorithms, have the property that the short term loss and long term benefit in
fact cancel. Click-based algorithms are a class of algorithms whose estimates are
based upon the number of impressions between clicks. To compute the current
estimate, a click-based algorithm computes a weight for each impression based
solely on the number of clicks after it and then takes the weighted average. An
example of an algorithm in this class is the one which outputs an estimate equal
to the reciprocal of the number of impressions before the most recent click. We
show that click-based algorithms satisfying additional technical assumptions are
fraud-resistant in the sense that a devious user can not change the expected
payment of the advertiser per impression (see Section Bl for a formal definition).
We provide an example that a traditional method for estimating CTR (that
is, taking the average over a fixed number of recent impressions) is not fraud-
resistant.

The structure of this paper is as follows. In Section[2 we describe the setting.
In Section Bl we define a very general class of algorithms for learning the CTR, of
an ad, called CTR learning algorithms. In Section @ we define a special class of
these algorithms, called click-based algorithms, and prove that they are fraud-
resistent. In Section Bl we give examples showing that other common algorithms
for learning the CTR are not fraud-resistent.

2 Setting

We consider a simple setting in which a service provider wishes to sell space for a
single ad on a web page. There are a number of advertisers, each of whom wishes
to display their ad on the web page. The service provider sells the ad space
according to the pay-per-click model and through an auction: the advertiser
whose ad is displayed is charged only when a user clicks on his ad. Each advertiser
1 submits a bid b; indicating the maximum amount he is willing to pay the service
provider when a user clicks on his ad. The allocation and price is computed using
the mechanism described below.

For each ad, the service provider estimates the probability that the ad receives
a click from the user requesting the page, if it is displayed. This probability is
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called the click-through-rate (CTR) of the ad. Each bid b; is multiplied by the
estimate \; of the CTR of the ad. The product \;b; thus represents the expected
willingness-to-pay of advertiser ¢ per impression. The slot is awarded to the
advertiser +* with the highest value of A;b;. If the user indeed clicks on the ad,
then the winning advertiser is charged a price equal to the second highest \;b;
divided by his (that is, the winner’s) estimated CTR (that is, A;«). Thus, if we
label advertisers such that A\;b; > A;+1b;+1, then the slot is awarded to advertiser
1 and, upon a click, he is charged a price Agba/A1. In this paper, we study the
mechanism over a period of time during which the same advertiser wins the
auction, and the value of A3bs does not change. If the advertisers do not change
their bids too frequently and A1b; and A2by are not too close to each other, it is
natural to expect this to happen most of the time. We will henceforth focus on
the winner of the auction, defining p := A2bs and X := A;.

3 CTR Learning Algorithms

Of course, we have left unspecified the method by which the algorithm learns
the CTRs. The subject of this work is to study different algorithms for comput-
ing the CTR of an advertiser. There are a variety of different algorithms one
could imagine for learning the CTR of an ad. Some simple examples, described
below, include averaging over time, impressions, or clicks, as well as exponential
discounting.

— Average over fixed time window: For a parameter T, let x be the num-
ber of clicks received during the last T time units and y be the number of
impressions during the last T' time units. Then A = x/y.

— Average over fixed impression window: For a parameter y, let « be the
number of clicks received during the last y impressions. Then A = z/y.

— Average over fixed click window: For a parameter x, let y be the number
of impressions since the z’th last click. Then A = z/y.

— Exponential discounting: For a parameter «, let e~®% be a discounting
factor used to weight the ¢’th most recent impression. Take a weighted aver-
age over all impressions, that is, Y, z;e”*"/ Y, e~ where ; is an indicator
variable that the i’th impression resulted in a click.

These algorithms are all part of a general class defined below. The algorithm
estimates the CTR of the ad for the current impression as follows: Label the
previous impressions, starting with the most recent, by 1,2,.... Let ¢; be the
amount of time that elapsed between impression ¢ and impression 1, and ¢;
be the number of impressions that received clicks between impression ¢ and
impression 1 (impressions 1 included). The learning algorithms we are interested
in are defined by a constant v and a function 6(t;, ¢, ¢;) which is decreasing in all
three parameters. This function can be thought of as a discounting parameter,
allowing the learning algorithm to emphasize recent history over more distant
history. Let x; be an indicator variable for the event that the i’th impression
resulted in a click. The learning algorithm then computes
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Z;’)il xié(t% i7 Ci) + i
Z?il 5(tla ia Ci) + v

The constant v is often a small constant that is used to guarantee that the
estimated click-through-rate is strictly positive and finite. Notice that in the
above expression, the summation is for every ¢ from 1 to oco. This is ambiguious,
since the advertiser has not been always present in the system. To remove this
ambiguity, the algorithm assumes a default infinite history for every advertiser
that enters the system. This default sequence could be a sequence of impressions
all leading to clicks, indicating that the newly arrived advertiser is initialized
with a CTR equal to one, or (as it is often the case in practice) it could be
a sequence indicating a system-wide default initial CTR for new advertisers.
For most common learning algorithms, the discount factor becomes zero or very
small for far distant history, and hence the choice of the default sequence only
affects the estimate of the CTR at the arrival of a new advertiser.

Note that all three learning methods discussed above are included in this class
(for v =0).

)\:

— Average over fixed time window: The function §(¢;,4,¢;) is 1 if t; < T
and 0 otherwise.

— Average over fixed impression window: The function §(¢;,1,¢;) is 1 if
1 <y and 0 otherwise.

— Average over fixed click window: The function 6(¢;,4,¢;) is 1 if ¢; <
and 0 otherwise.

— Exponential discounting: The function §(t;,1,¢;) is e~

4 Fraud Resistance

For each of the methods listed in the previous section, for an appropriate setting
of parameters (e.g., large enough y in the second method), on a random sequence
generated from a constant CTR the estimate computed by the algorithm gets
arbitrarily close to the true CTR, and so it is not a priori apparent which method
we might prefer. Furthermore, when the learning algorithm computes the true
CTR, the expected behavior of the system is essentially equivalent to a pay-per-
impression system, with substantially reduced incentives for fraud. This might
lead to the conclusion that all of the above algorithms are equally resistant to
click fraud. However, this conclusion is wrong, as the scammer can sometimes
create fluctuations in the CTR, thereby taking advantage of the failure of the
algorithm to react quickly to the change in the CTR to harm the advertiser.

In this section, we introduce a notion of fraud resistance for CTR learning al-
gorithms, and prove that a class of algorithms are fraud-resistant. The definition
of fraud resistance is motivated by the way various notions of security are defined
in cryptography: we compare the expected amount the advertiser has to pay in
two scenarios, one based on a random sequence generated from a constant CTR
without any fraud, and the other with an adversary who can change a fraction
of the outcomes (click vs. no-click) on a similar random sequence. Any scenario
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can be described by a time-stamped sequence of the outcomes of impressions
(i.e., click or no-click). More precisely, if we denote a click by 1 and a no-click
by 0, the scenario can be described by a doubly infinite sequence s of zeros
and ones, and a doubly infinite increasing sequence t of real numbers indicating
the time stamps (the latter sequence is irrelevant if the learning algorithm is
time-independent, which will be the case for the algorithms we consider in this
section). The pair (s, t) indicates a scenario where the i’th impression (i can be
any integer, positive or negative) occurs at time ¢; and results in a click if and
only if s; = 1.

Definition 1. Let € be a constant between zero and one, and (s,t) be a scenario
generated at random as follows: the outcome of the ith impression, s;, is 1 with
an arbitrary fixed probability A and 0 otherwise, and the time difference t; —t;_1
between two consecutive impressions is drawn from a Poisson distribution with an
arbitrary fived mean. For a value of n, let (s',t') be a history obtained from (s,t)
by letting an adversary insert at most en impressions after the impression indezxed
0 in (s,t). The history (s',t') is indexed in such a way that impression O refers to
the same impression in (s,t) and (s',t"). We say that a CTR learning algorithm
18 e-fraud resistant if for every adversary, the expected average payment of the
advertiser per impression during the impressions indexed 1,...,n in scenario
(s',t") is bounded by that of scenario (s,t), plus an addztwnal term that tends to
zero as n tends to infinity (holding everything else constant). More precisely, if
a; (q;-, respectively) denotes the payment of the advertiser for the jth impression
in scenario (s,t) ((s',t"), respectively), then the algorithm is e-fraud resistant if
for every adversary,

1 — 1 -

Intuitively, in a fraud-resistant algorithm, a fraudulent click or impression only
costs the advertiser as much as a fraudulent impression in a pay-per-impression
scheme.

Some details are intentionally left ambiguous in the above definition. In par-
ticular, we have not specified how much knowledge the adversary has. In practice,
an adversary probably can gain knowledge about some statistics of the history,
but not the complete history. However, our positive result in this section holds
even for an all powerful adversary that knows the whole sequence (even the fu-
ture) in advance. We prove that even for such an adversary, there are simple
learning algorithms that are fraud-resistant. Our negative result (presented in
the next section), shows that many learning algorithms are not fraud-resistant
even if the adversary only knows about the learning algorithm and the frequency
of impressions in the scenario. Therefore, our results are quite robust in this
respect.

Another point that is worth mentioning is that the assumption that the true
click-through rate X is a constant in the above definition is merely a simplifying
assumption. In fact, our results hold (with the same proof) even if the parameter



40 N. Immorlica et al.

) changes over time, as long as the value of \ at every point is at least a positive
constant (i.e., does not get arbitrarily close to zero). Also, the choice of the
distribution for the time stamps in the definition was arbitrary, as our positive
result only concerns CTR learning algorithms that are time-independent, and
our negative result in the next section can be adapted to any case where the
time stamps come from an arbitrary known distribution.

In this section, we show that CTR learning algorithms for which the discount-
ing factor, ¢, depends only on the number of impressions in the history which
resulted in clicks, that is the parameter ¢; defined above (and not on i and t;),
are fraud-resistant. We call such algorithms click-based algorithms.

Definition 2. A CTR learning algorithm is click-based if 6(t;,4,¢;) = 6(c;) for
some decreasing function §(.).

Of the schemes listed in the previous section, it is easy to see that only averaging
over clicks is click-based. Intuitively, a click-based algorithm estimates the CTR
by estimating the Fxpected Click-Wait (ECW), the number of impression it takes
to receive a click.

The following theorem shows that click-based algorithms are fraud-resistant.

Theorem 1. Consider a click-based CTR learning algorithm A given by a dis-
counting function §(.) and v = 0. Assume that >_.° i6(i) is bounded. Then for
every € < 1, the algorithm A is e-fraud-resistant.

Proof. The proof is based on a simple “charging” argument. We distribute the
payment for each click over the impressions preceding it, and then bound the
expected total charge to any single impression due to the clicks after it.

We begin by introducing some notations. For any scenario (s,t) and index
i, let S;; denote the set of impressions between the j’th and the (j — 1)’st
most recent click before impression ¢ (including click j but not click j — 1) and
n;; = |S;,;].- Then the estimated CTR at ¢ can be written as

2521609)
Z;; ni,j‘s(j).

and hence the payment at ¢ if impression 7 receives a click is

» Z;il n;,56(5)
PRI G

We now introduce a scheme to charge this payment to the preceding impres-
sions (for both with-fraud and without-fraud scenarios). Fix an impression ¢’ for
i’ < i and let j be the number of clicks between i’ and ¢ (including 4’ if it is a
click). If impression 7 leads to a click, we charge i’ an amount equal to

(1)

p X m (2)
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for this click. Summing over all impressions preceding click i, we see that the total
payment charged is equal to the payment for the click at impression i. The crux
of the argument in the remainder of the proof is to show that in both scenarios,
with or without fraud, the average total payment charged to an impression 4 in
the interval [1,n] by clicks occurring after ¢ is p & o(1). We start by proving an
upper bound on the total amount charged to the impressions.

We first focus on bounding the total amount charged to impressions before
impression 0. The impressions in the set Sy ; are charged by the i’th click after
impression 0 a total of

b x no,;6(i + )
ON

Summing over all clicks between impression 0 and impression n (inclusive),

we see that the total charge to the impressions in Sy ; is at most

D iy 0,60 + J)
p X 0
> 1 6(K)

Summing over all sets Sy ;, we see that the total charge to impressions before

0 is at most - - o
o D1 21 N0,0(i+ )
>he 0(K)

Since the denominator Y ;- 6(k) is a positive constant, we only need to bound
the expected value of the numerator Z;; oo no,;0(i + 7).

Since in both with-fraud and without-fraud scenarios the probability of click
for each impression before impression 0 is A, the expected value of ng ; in both
scenarios is 1/\. Therefore, the expectation of the total amount charged to im-
pressions before 0 in both scenarios is at most

Yt 0tg) p 3 ké(k)
S, o(k) AT 6k

which is bounded by a constant (i.e., independent of n) since > ro | ké(k) is
finite.

We now bound payments charged to impressions after impression 0. For a
fixed impression 7 with 0 < i < n, the payment charged to ¢ by the j’th click
after 7 is given by Equation[2l Summing over all j, we see that the total payment
charged to 7 is at most

p

2y kO (k)

L

LT
=2080)

By the above equation along with the fact that the expected total charge
to impressions before impression 0 is bounded, we see that the expected total
charge of all impressions is at most np+O(1), and therefore the expected average
payment per impression (in both with-fraud and without-fraud scenarios) is at
most p + o(1).

3)
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We now show that in the scenario (s,t) (i.e., without fraud), the expected
average payment per impression is at least p—o(1). Let k be the number of clicks
in the interval [1,n] and consider an impression in S, ;. Then, by Equation [
this impression is charged an amount equal to

S8 o pEE;80)

PES=56) ~ P S5, 56)

Therefore, the total amount charged to the impressions in the interval [1,n] is
at least

E+1 .
7 Pty Mnj Zzoij 6(i)
2im1 8(0)
As in the previous case, the expected value of n, ; in the scenario without

any fraud is precisely 1/A. Therefore, the expectation of the total charge to
impressions in [1,n] is at least

k+1 .
np — ij:I Z’?ij 6(i) >np— L«
AL 86 T AT EE60)
Therefore, since Y .o, i6(4) is bounded, the expected average payment per im-
pression in the scenario without fraud is at least p — o(1). This shows that the

difference between the expected average payment per impression in the two sce-
narios is at most o(1), and hence the algorithm is e-fraud resistant.

p 221 i6(1)

5 Non-click-Based Algorithms

In this section, we give an example that shows that in many simple non-click-
based algorithms (such as averaging over fixed time window or impression win-
dow presented in Section [3]), an adversary can use a simple strategy to increase
the average payment of the advertiser per impression. We present the example
for the learning algorithm that takes the average over a fixed impression win-
dow. It is easy to see that a similar example exists for averaging over a fixed
time window.

Consider a history defined by setting the outcome of each impression to click
with probability A for a fixed A. Denote this sequence by s. We consider the
algorithm that estimates the CTR by the number of click-throughs during the
past [ impressions plus a small constant v divided by [ + v, for a fixed [. If [ is
large enough and ~y is small but positive, the estimate provided by the algorithm
is often very close to A, and therefore the average payment per impression on
any interval of length n is arbitrarily close to p. In the following proposition, we
show that an adversary can increase the average payment by a non-negligible
amount.

Proposition 1. In the scenario defined above, there is an adversary that can
increase the average payment per impression over any interval of length n, for
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any large enough n, by inserting en fradulent impressions and clicking on some
of them.

Proof Sketch: Consider the following adversary: The adversary inserts en frad-
ulent impressions distributed uniformly in the interval starting at the impression
indexed 1 and ending at the impression indexed (1 — €)n (with an outcome de-
scribed below), so that in the scenario with fraud, each of the first n impressions
after impression 0 is fradulent with probability e. Divide the set of impressions
after impression 0 into a set of intervals Iy, I, ..., where each interval I; con-
tains [ impressions (real or fradulent). In other words, I is the set of the first [
impressions after impression 0, I is the set of the next ! impressions, etc. The
adversary sets the outcome of all fradulent impression in I; for j odd to click and
for j even to no-click. This means that the “true” CTR during I; is (1 —e)A+€
for odd j and (1 —€)\ for even j. The algorithm estimates the CTR, for the r’th
impression of the interval I; by dividing the number of clicks during the last [
impressions by [. Of these impressions, r are in I; and [ —r are in I;_;. Therefore,
for j even, the expected number of clicks during the last [ impressions is

rl—e) A+ (I—=r)((1—eX+e),

and therefore the estimated CTR is the above value plus v divided by [ + 7 in
expectation. When [ is large and v is small, this value is almost always close
to its expectation. Therefore, price of a click for this impression is close to pl
divided by the above expression. Thus, since the probability of a click for this
impression is (1 —¢€)\, the expected payment of the advertiser for this impression
can be approximated using the following expression.

pl(1l —e)A
MA@ (- ort0
The average of these values, for all r from 1 to [, can be approximated using
the following integral.

1 ! pl(l —e)A 7ﬂ_p(lfe))\ N €
l/o r(l—e))\+(l—r)((1—6))\+6)d N € : <1+(1—e))\>'

Similarly, the total expected payment of the advertiser in the interval I; for
j odd and j > 1 can be approximated by the following expression.

Denote o = o Therefore, the average payment of the advertiser per

impression can be written as follows.

p(% + é) In(1 + «)

Since « is a positive constant, it is easy to see that the above expression is
strictly greater than p. [ |
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6 Discussion

In this paper, we discussed pay-per-click marketplaces and proved that a par-
ticular class of learning algorithms can reduce click fraud in a simplified setting.
Our results lead to several interesting extensions and open questions.

Pay-Per-Acquisition Marketplaces. We focused on pay-per-click marketplaces.
Our reasons for this were three-fold: it is a common industry model, it absorbs
risk due to market fluctuations for the advertiser, and it simplifies the strategic
calculations of the advertiser. The latter two of these comments can be equally
well employed to argue the desirability of a pay-per-acquisition marketplace.
In these marketplaces, a service provider receives payment from an advertiser
only when a click resulted in a purchase. Such systems are used by Amazon, for
example, to sell books on web pages: a service provider, say Expedia, can list an
Amazon ad for a travel guide with the understanding that, should a user purchase
the product advertised, then the service provider will receive a payment. The
problem with pay-per-acquisition systems is that the service provider must trust
the advertiser to truthfully report those clicks which result in acquisitions. Our
results hint at a solution for this problem. We have seen that in a simple scenario
with a single ad slot, click-based algorithms are fraud-resistant in the sense that
the expected payment per impression of an advertiser can not be increased by
click fraud schemes. In fact, it can also be shown that this payment can not be
decreased either. Thus, as click-based learning algorithms reduce fraud in pay-
per-click systems, acquisition-based learning algorithms induce truthful reporting
in pay-per-acquisition systems.

Computational Issues. We have shown that click-based learning algorithms
eliminate click fraud. However, in order to be practical and implementable, learn-
ing algorithms must also be easily computed with constant memory. The com-
putability of a click-based algorithm depends significantly on the choice of the
algorithm. Consider, for example, a simple click-based exponentially-weighted
algorithm with 6(i) = e~®*. Just two numbers are needed to compute this es-
timate: the estimate of the click-through rate for the most recent impression
that lead to a click and a counter representing the number of impressions since
the last click. However, other click-based algorithms have worse computational
issues. Consider an algorithm in which 6; € {0,1} with §; = 1 if and only if i <1
for some (possibly large) I. Then at least [ numbers must be recorded to compute
this estimate exactly. One interesting question is how efficiently (in terms of the
space) a given estimate can be computed.
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Abstract. We present a simple model in which the worldwide web (www) is
created by the interaction of selfish agents, namely document authors, users,
and search engines. We show experimentally that power law statistics emerge
very naturally in this context, and that the efficiency of the system has certain
monotonicity properties.

1 Introduction

The worldwide web is an unstructured hypertextual corpus of exploding astronomical
size and global availability. But perhaps the most fundamental, differentiating charac-
teristic of the web is that is created, supported, used, and ran by a multitude of selfish,
optimizing economic agents with various and dynamically varying degrees of compe-
tition and interest alignment. Web page authors want their pages to be visited because
they benefit from such visits, either directly (e.g., in the case of e-shops) or otherwise
(recognition, influence, etc.). End users seek in the web the most relevant and helpful
sites for their information needs. Search engines want to improve their reputation (and
therefore profits) by helping users to find the most relevant web pages. The selfish
nature of the agents suggests immediately that economics and game theory can be
used in modeling and understanding the web.

Incidentally, a very obvious and striking example of the game theoretic aspects of
the web (not discussed further, however, in this paper) is the so-called search engine
spam, whereby document authors attempt to deceive the ranking algorithm of the
search engine in order to receive a high rank for their page, thus attracting visitors
who would otherwise have no interest in them, while search engines devise and de-
ploy countermeasures to such deception.

“ A preliminary version of this work, without the experimental results, was presented as a
poster in WWW 05 [5].
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The idea that economics can inform web search was first proposed by Hal Varian
in [6]; however, the classical “economics of search” discussed there do not seem to
apply directly to web information retrieval. Economic concepts were also used in the
study of electronic markets [7] and for understanding the ranking of documents [8].
But these works do not develop an economic model of the web.

In this paper we introduce an economic model of the web. Our goals in proposing
this model are: simplicity, modeling economy, and predictive power. We think of the
web as a theater where three types of agents interact: document authors, users, and
search engines. We postulate a utility U(i,d), unknown a priori to all agents, that a
user i obtains if he or she obtains a document d; its main characteristics are random-
ness and clustering. We assume that search engines propose documents to the users,
users choose and endorse those that have the highest utility for them, and then search
engines make better recommendations based on these endorsements. This is how the
web is created: it is the sum total of all these user endorsements.

There are several important questions: Does the structure of the web thus pro-
duced resemble that of the real web? How efficient (now in a concrete economic
sense) are various search engine algorithms? And how is this efficiency affected by,
say, the amount of randomness and clustering of the utility function?

In this paper we address these questions by performing experiments with our
model; we hope that theorems will follow. We find that the web graph of our model
has power-law distributed degrees, and that the efficiency of the process improves
with clustering and endorsement intensity,

In section 2 we describe the model in detail. In section 3 the experimental results
are presented. Finally in section 4 we provide some directions for future work.

2 The Model

We aim at a model of the www that captures some of the economic issues involved
while at the same time being simple (not obscured by a multitude of extraneous de-
tails) and with some predictive power (it behaves, provably or experimentally, in
ways consistent with observations about the www, without, of course, encoding such
observations in its assumptions).

Our model consists of three types of actors: documents, users and a search engines.
There are m users, indexed by i, that can be thought as simple queries asked by indi-
viduals, and n documents, indexed by d. The search engine, assumed to be unique at
this stage of the model, provides users with document recommendations based on
information it has about their preferences.

Our main economic assumption is this: We assume that there is a utility U(i,d)
associated with user i and document d. This utility value represents the satisfaction
user i will obtain if he or she is presented with document d. The quantitative features
of the m x n matrix U are of central importance for our model, and will be discussed
in greater detail below. Users know their utility values only for the documents they
have been presented so far (since they cannot value something that is unknown to
them). The search engine initially has no knowledge of U, but acquires such
knowledge only by observing user endorsements. In the ideal situation in which the
search engine knows U, it would work with perfect efficiency, recommending to each
user the documents he or she likes the most.
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Briefly, the model works as follows: The search engine recommends some docu-
ments to the users, initially at random. Every user reviews the documents seen so far
and endorses those with the highest utility. To model the limited attention capacity of
the user, we assume a bound on the number of documents he or she can endorse in
total. The endorsement mechanism does not need to be specified, as soon as it is ob-
servable by the search engine. For example, endorsing a document may entail clicking
it, or pointing a hyperlink to it. In our model we represent the endorsements as edges
from the users to the respective documents. A basic assumption of the model is that
the www is created by this kind of interaction between users and documents. The
bipartite graph S = ([m],[n], L) of document endorsements by users is called the

www state. Furthermore, the search engine, by observing the www state, recommends
new documents to users, who change their endorsements to new, higher utility docu-
ments. The search engine is using a search algorithm, which is a function mapping
the www state to a set of a recommendations.

Even at this early stage, some interesting questions arise regarding the model:

1. What are the characteristics of the ultimate www state that results from this proc-
ess? Do most users point to the highest-utility documents? After how many itera-
tions does the process converge in utility achieved? Does the graph have the pecu-
liar statistics, such as power law distribution, observed in the real web?

2. What is the efficiency or “price of anarchy” [1] of the search algorithm? In other
words, which fraction of the maximum possible utility (the ideal situation where
each user sees the documents of maximum utility of him or her) can be realized by
a search engine?

3. What is the best search algorithm with respect to total utility? That is, which algo-
rithm mapping www states to recommendations optimizes the price of anarchy?
Note that a search engine need not be altruistic or socially conscious to strive to
maximize social welfare: total user satisfaction would be a reasonable objective for a
search engine in a more elaborate model in which multiple search engines compete.

In order to be able to answer to these questions we must define in more detail utility
matrix U. In this paper we treat experimentally the questions 1 and 2. Question 3,
although it is quite important is left open and maybe be the subject of a future work.

2.1 The Utility Matrix U

It turns out that the answers to the above questions depend heavily on the quantitative
and the statistical characteristics of the utility matrix U. If the entries of U are com-
pletely random and uncorrelated the search engine will be confined to random sam-
pling, naturally with quite poor results. But in reality, utilities are highly correlated.
Documents have quality and value that make them more or less useful to users. Also
documents and users (recall that by “users” we model queries) are clustered around
topics.

To accommodate these characteristics,following [2],we model U as a low rank ma-
trix with added noise. U is generated as follows: There are k topics, for some reason-
able small number k. For each topic ¢ < k there is a document vector D, of length n,
with entries drawn independently from some distribution Q. The value O is very prob-
able in Q so that about k - 1 of every k entries are 0. Also for each topic 7 there is a
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user vector R, of length m, whose entries also follow distribution Q, with about m/k
non-zero entries. In other words each entry in vectors D, and R, represents how rela-
tive each document and user is with respect to topic t. Finally, let N be a m by n
“noise” matrix with normally and independently distributed entries with mean zero
and standard deviation . Then the utility matrix is composed as follows:

U=Ek,:1R,T-D,+N ¢))

In other words, the utility Matrix U is the sum of k rank-one matrices, plus a Gauss-
sian noise. By modeling U like this we ensure that the resulting matrix has the desired
properties. So the parameters of the model so far are &, O, and o.

2.2 A Search Algorithm and an Endorsement Mechanism

To specify the model in full detail we need to specify a search algorithm and an en-
dorsement mechanism. Through the endorsement mechanism users show their prefer-
ence is some documents, in a way that is observable by the search engine. In our
model users link to the documents they wish to endorse. As we said earlier, there is a
finite number of endorsements per user, say b. That is, each user endorses the b high-
est utility documents he has seen so far.

The search algorithm maps the current www state to a set of recommended docu-
ments. A very simple search algorithm is to recommend to each user, at each stage,
among documents, with positive utility, the a documents of highest in-degree in the
www state, where a is another integer parameter. Like many successful search algo-
rithms, this algorithm takes into account the link structure of the graph. To capture
other factors affecting search, besides link structure (such as occurrences of query
terms), we have assumed that the search engine has partial knowledge of utility ma-
trix U, by knowing whether an element of it, is zero or non-zero. Also it can be shown
that the “highest in-degree” heuristic is a common specialization of the well-known
Pagerank [3] and HITS [4] algorithms.

So a and b are two final parameters of our model.

3 Experiments

To validate our model, we ran several experiments for various values of the parame-
ters. The model was implemented as an iterative process. In each iteration, the search
engine observed the www state and proposed a documents to the users according to
the highest in-degree heuristic. After that, users made their decisions, endorsing the b
highest utility documents they had seen so far. This algorithm was iterated to conver-
gence, that is, until very few changes were observed in the www state. The number of
iterations needed for convergence was between 8 and 10. The utility matrix U was
constructed according to Eq. 1 and the non-zero elements of distribution Q were cho-
sen randomly from the uniform distribution.

In subsection 3.1 we study the degree distribution of the www state and show that
for a wide range of the parameters values follows a power law distribution. In subsec-
tion 3.2 we study the efficiency or price of anarchy of the search algorithm.

In the experiments reported here we have assumed that there is no noise, that is, N
in Eq. 1 is the zero matrix.
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3.1 The Characteristics of the www State

It has been pointed out in several studies [9,10,11,12] that the degrees of the web
graph follow power law distributions, that is, the fraction of pages with in-degree i is

proportional to I~ for some x>1, where the value for the parameter x is about 2.1 for
in-degrees and 2.7 for out-degrees. In our case, only the in-degrees are significant,
since out-degrees are, by definition, all equal to b.

We find experimentally that, for a wide range of values of the parameters m, n, k,
a, b, the in-degree of the documents seem to be clearly power-law distributed. This is
shown in Figs. 1 and 2. (We have not included in the plot the documents with zero in-
degree, which are the majority. In other words, endorsements are concentrated in a
very small subset of the documents.) In fact, the exponent in Figure 2 (but not of
Figure 1) is quite close to the observed exponent of the in-degree power law in the
real www.

More work is needed in order to define how the various parameters affect the ex-
ponent of the distribution.

fix)=0.0034836™« 082861
10 T

fraction of Documents
=)
T
1

1o° 10’ 10
Indegree

Fig. 1. Log-log plot of the in-degree distribution of an instance of the model with m=1000,
n=6000, k=80, a=5, b=5

3.2 The Price of Anarchy

The second question we pose is how efficient the search algorithm can be, meaning
which fraction of the maximum total utility can realize during its operation. In this
situation the quantity of interest is the price of anarchy as a function of the number of
iterations of the algorithm. In all experiments we made, the price of anarchy improved
radically during the first 2-3 iterations and later the improvement had a slower rate.
This is shown in Fig. 3.
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Fig. 2. Log-log plot of the in-degree distribution of an instance of the model with m=3000,
n=5000, k=150, a=10, b=10

Efficiency (Price of Anarchy)

045 1 1 1 1 1 1 1
1 2 3 4 5 B 7 g 9 10

lterations of the algorithm

Fig. 3. Efficiency of the Search Algorithm

As we can see the algorithm performs very well since already after iteration 3 has
attain more than 75% of the total attainable utility. Of course, adding noise to the
model may deteriorate the efficiency.
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Another interesting issue is how the efficiency of the search algorithm is affected
when we vary the values of k, a and b. When the number of topics k increases the
efficiency of the algorithm increases. This fact is clearly shown in Fig. 4.
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Fig. 4. Efficiency plot for various values of k (number of topics) for an instance of 1000 users,
6000 documents, a=1, b=1
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Fig. 5. Efficiency plot for various values of a (number of recommended documents) for an
instance of 1000 users, 6000 documents, a=2,4,6,8,10, b=2
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When a increases (the number of recommended documents by the search engine)
the efficiency of the algorithm also increases. This is shown in Fig. 5 and is quite
expected because the users choose from a wider collection of documents.

Increasing b (number of endorsed documents per user) causes the efficiency of the
algorithm to decrease. This is quite unexpected, since more user endorsements mean
more complete information and more effective operation of the search engine. But
the opposite happens: more endorsements per user seem to confuse the search engine
(see Fig. 6).

Efficiency Plot (For various values of b)
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o
=

—=2]|

-
——g
rpmpolbt

lterations

Fig. 6. Efficiency plot for various values of b (number of endorsed documents) for an instance
of 1000 users, 6000 documents, a=8, b=2,4,6,8

4 Conclusion and Future Work

In this paper we propose a very simple economic model of the worldwide web and
present some promising and interesting initial experimental results. Much more com-
prehensive experiments need to be conducted most notably adding noise to U.

Naturally, our ambition is to rigorously prove the power law phenomena we ob-
served experimentally, as well as the monotonicity properties of the efficiency. Fi-
nally, we hope to use this model to approach the intriguing subject of the optimally
efficient search algorithm.
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Abstract. In machine scheduling, a set of n jobs must be scheduled on
a set of m machines. Each job i incurs a processing time of p;; on machine
7 and the goal is to schedule jobs so as to minimize some global objective
function, such as the maximum makespan of the schedule considered in
this paper. Often in practice, each job is controlled by an independent
selfish agent who chooses to schedule his job on machine which mini-
mizes the (expected) completion time of his job. This scenario can be
formalized as a game in which the players are job owners; the strategies
are machines; and the disutility to each player in a strategy profile is the
completion time of his job in the corresponding schedule (a player’s ob-
jective is to minimize his disutility). The equilibria of these games may
result in larger-than-optimal overall makespan. The ratio of the worst-
case equilibrium makespan to the optimal makespan is called the price
of anarchy of the game. In this paper, we design and analyze scheduling
policies, or coordination mechanisms, for machines which aim to min-
imize the price of anarchy (restricted to pure Nash equilibria) of the
corresponding game. We study coordination mechanisms for four classes
of multiprocessor machine scheduling problems and derive upper and
lower bounds for the price of anarchy of these mechanisms. For several
of the proposed mechanisms, we also are able to prove that the system
converges to a pure Nash equilibrium in a linear number of rounds. Fi-
nally, we note that our results are applicable to several practical problems
arising in networking.

1 Introduction

With the advent of the Internet, large-scale autonomous systems have become
increasingly common. These systems consist of many independent and selfish
agents all competing to share a common resource like bandwidth in a network or
processing power in a parallel computing environment. Practical settings range
from smart routing among stub autonomous systems (AS) in the Internet [14]
to selfish user association in wireless local area networks [I6]. In many systems

* The final parts of this paper were completed while the author was at the Theory
group in Microsoft Research.
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of this kind, it is infeasible to impose some centralized control upon the users.
Rather, a centralized authority can only design protocols a priori and hope that
the independent and selfish choices of the users—given the rules of the protocol—
combine to create socially desirable results.

This approach, termed mechanism design has received considerable atten-
tion in the recent literature (see, for example, [23]). A common goal is to design
system-wide rules which, given the selfish decisions of the users, maximize the to-
tal social welfare. The degree to which these rules approximate the social welfare
in a worst-case equilibrium is known as the price of anarchy of the mechanism,
and was introduced in 1999 by Koutsoupias and Papadimitriou [19] in the context
of selfish scheduling games (see below for details). This seminal paper spawned a
series of results which attempt to design mechanisms with minimum price of an-
archy for a variety of games. One approach for achieving this goal [4[7,[12] is to
impose economic incentives upon users in the form of tolls; i.e., the disutility of a
user is affected by a monetary payment to some central authority for the use of a
particular strategy such as a route in a network. Another approach [3]18,24] 28]
assumes that the central authority is able to enforce particular strategies upon
some fraction of the users and thus perhaps utilize an unpopular resource. This
action of the central authority is called a Stackelberg strategy.

A drawback of the above approaches is that many of the known algorithms
assume global knowledge of the system and thus have high communication com-
plexity. In many settings, it is important to be able to compute mechanisms lo-
cally. A third approach, which we follow here, is called coordination mechanisms,
first introduced by Christodoulou, Koutsoupias and Nanavati [6]. A coordination
mechanism is a local policy that assigns a cost to each strategy s, where the cost
of s is a function of the agents who have chosen s. Consider, for example, the
selfish scheduling game in which there are n jobs owned by independent agents,
m machines, and a processing time p;; for job ¢ on machine j. Each agent selects
a machine on which to schedule its job with the objective of minimizing its own
completion time. The social objective is to minimize the maximum completion
time. A coordination mechanism [6] for this game is a local policy, one for each
machine, that determines how to schedule jobs assigned to that machine. It is
important to emphasize that a machine’s policy is a function only of the jobs as-
signed to that machine. This allows the policy to be implemented in a completely
distributed fashion.

Coordination mechanisms are closely related to local search algorithms. A
local search algorithm iteratively selects a solution “close” to the current solution
which improves the global objective. It selects the new solution from among those
within some search neighborhood of the current solution. Given a coordination
mechanism, we can define a local search algorithm whose search neighborhood is
the set of best responses for each agent. Similarly, given a local search algorithm,
it is sometimes possible to define a coordination mechanism whose pure strategy
equilibria are local optima with respect to the search neighborhood. The locality
gap of the search neighborhood, or approximation factor of the local search
algorithm, is precisely the price of anarchy of the corresponding coordination
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mechanism and vice versa. In particular, designing new coordination mechanisms
may lead to the discovery of a new local search algorithms for a particular
problem.

In this paper, we are primarily interested in the properties of pure strategy
Nash equilibm’ for the selfish scheduling games we define. A pure strategy Nash
equilibrium is an assignment of jobs to machines such that no job has a unilat-
eral incentive to switch to another machine. Although a non-cooperative game
always has a mixed strategy equilibrium [22], it may in general not have a pure
strategy equilibrium. However, by restricting ourselves to pure strategies, we are
able to bound the rate of convergence of the mechanism. That is, if the jobs,
starting from an arbitrary solution, iteratively play their best response strate-
gies, how long does it take for the mechanism to reach a pure Nash equilibrium?
Guarantees of this sort are important for bounded price-of-anarchy mechanisms
to be applicable in a practical setting.

Preliminaries. In machine scheduling, there are n jobs must be processed on m
machines. Job 4 has processing time p;; on machine j. A schedule y is a function
mapping each job to a machine. The makespan of a machine j in schedule p
is M; = Zi:j:u(i) pij- The goal is to find a schedule y which minimizes the
maximum makespan, Cnax = max; M;. Different assumptions regarding the
relationship between processing times yield different scheduling problems, of
which we consider the following four: (i) Identical machine scheduling (P||Cmax)
in which p;; = pix = p; for each job ¢ and machines j and k; (ii) Uniform

or related machine scheduling (Q||Ciax) in which p;; = 24 where p; is the
J

load of job ¢ and s; < 1 is the speed of machine j; (iii) machine scheduling
for restricted assignment or bipartite machine scheduling (B||Cpax) in which
each job i can be scheduled on a subset S; of machines, i.e., p;; is equal to
p; if j € S; and is equal to co otherwise; and (iv) unrelated machine scheduling
(R||Cmax) in which the processing times p;; are arbitrary positive numbers.

In selfish scheduling, each job is owned by an independent agent whose goal
is to minimize the completion time of his own job. To induce these selfish agents
to take globally near-optimal actions, we introduce the notion of a coordination
mechanism [6]. A coordination mechanism is a set of scheduling policies, one
for each machine. A scheduling policy for a machine j takes as input a set
S C {pi1j,...,pn;} of jobs on machine j along with their processing times on
machine j and outputs an ordering in which they will be scheduled. The policy
is run locally at a machine, and so does not have access to information regarding
the global state of the system (the set of all jobs, for instance, or the processing
times of the jobs on other machines). A coordination mechanism defines a game
in which there are n agents. An agent’s strategy set is the set of possible machines
{1,...,m}. Given a strategy profile, the disutility of agent 7 is the (expected)
completion time of job i in the schedule defined by the coordination mechanism.
We study four coordination mechanisms. In the ShortestFirst and LongestFirst
policies, we sequence the jobs in non-decreasing and non-increasing order of

! In this paper, we use the term Nash equilibria for pure Nash equilibria.
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Table 1. The price of anarchy for four different policies and scheduling problems. All
the upper and lower bounds hold for pure Nash equilibria. The upper bounds of the
Randomized policy for R||Cimax and Q||Cmax are valid for the maximum of the expected
load on any machine in mixed Nash equilibria. The results marked by * are proved in
this paper.

Makespan ShortestFirst LongestFirst Randomized
P||Cmax|[2 — mi; [nR9)| 2- 25 [ - [ 2 — Z [11,29]
QllCmas | O(eir) B 9(10gm) (0,% |5-sm<P<2- 25 [ (log’f’ogm)([gl)
B||Cimax | O(eporm) 13]] ©(logm) ([, *) O(logm) ([2], *) Opere) 3]
R||Cmax||Unbounded [29][[9] logm < P <m * Unbounded o(m) *

their processing times, respectively. In the Randomized policy, we process the
jobs in a random order @ In the Makespan policy, we process all jobs on the same
machine in parallel, and so the completion time of a job on machine j is the
makespan of machine j.

We are interested in the properties of the solution imposed by the selfish
strategies of the agents in a pure Nash equilibrium, in particular, the price of
anarchy. In this setting, the price of anarchy is the worst-case ratio (over all
instances) of the maximum makespan in a (pure) Nash equilibrium to the op-
timal makespan. For each policy and each scheduling problem, we prove upper
and lower bounds on the price of anarchy. Some of these bounds are already
known as the approximation factor of some local search algorithms or the price
of anarchy in some selfish load balancing games. All bounds, known and new,
are summarized in Table [

Related Work. The Makespan policy [8,[1319] is perhaps the best known policy
among the above policies. Czumaj and Vocking [8] give tight results on the
price of anarchy for the Makespan policy for mixed Nash equilibria and Q||Ciax-
Gairing et al. [I3] study the Makespan policy for B||Cpax and give a polynomial-
time algorithm for computing a pure Nash equilibrium with makespan at most
twice the optimal makespan. They also give a tight bound for the price of anarchy
of the Makespan policy for pure Nash equilibria and B||Cax. Azar et al. [IL2]
proved that the greedy list scheduling algorithm is an O(logm)-approximation
algorithm for Q||Cinax and B||Cpax. Their proof can be used to bound the price
of anarchy of the LongestFirst and ShortestFirst polices for B||Cpax and Q||Crax-

Coordination mechanism design was introduced by Christodoulou, Koutsou-
pias and Nanavati [6]. In their paper, they analyzed the LongestFirst policy for
P||Cpmax and also studied a selfish routing game. As we have mentioned be-
fore, the price of anarchy for coordination mechanisms is closely related to the
approximation factor of local search algorithms. The speed of convergence and
the approximation factor of local search algorithms for scheduling problems were
studied in several papers [9}10, 1T, 17,25, [26]29]. Vredeveld surveyed some of the

2 The Randomized policy is also known as the batch model [19].
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results on local search algorithms for scheduling problems in his thesis [29]. The
jump model in his survey [29] is similar to the Makespan policy. Moreover, the
push model in his survey is related to the LongestFirst policy. It is known that
the jump local search algorithm is an ©(y/m)-approximation for Q||Ciax [2529].
Cho and Sahni [25] showed that the approximation factor of the shortest-first
greedy algorithm is not better than logm for Q||Ciax. Furthrmore, Gonzales et
al [I5] proved that the longest-first greedy algotithm is a 2 — miﬂ-approximation
for Q||Crax-

Ibarra and Kim [I7] analyzed several greedy algorithms for R||C\pax. In particu-
lar, they proved that the shortest-first greedy algorithm is an m-approximation for
R||Cmax- Davis and Jaffe [9] showed that the approximation factor of this greedy
algorithm is at least logm. Our lower bound example for the ShortestFirst and
the LongestFirst policy is the same as the example in [9]. Davis and Jaffe [9] also
gave a /m-approximation for R||Cpax. The best known approximation factor for
R||Chax is given by a 2-approximation algorithm due to Lenstra, Shmoys and
Tardos [20].

Even-Dar et al. [10] considered the convergence time to Nash equilibria for
variants of the selfish scheduling problem. In particular, they studied the
Makespan policy and bounded the number of required steps to reach a pure
Nash equilibrium.

Our Contribution. We give almost tight bounds for the price of anarchy of pure
Nash equilibria for the Randomized, the ShortestFirst, and the LongestFirst poli-
cies. We give a proof that the price of anarchy of any deterministic coordination
mechanism (including ShortestFirst and LongestFirst) for Q||Cimax and B||Cpax is
at most O(logm). This result is also implied in the results of Azar et al [IL2] on
the approximation factor of the greedy list scheduling algorithm for Q||Cipax and
B||Cmax- We also prove that any coordination mechanism based on a universal
ordering (such as ShortestFirst and LongestFirst) has a price of anarchy (2(logm)
for B||Cmax. In addition, we analyze the Randomized policy for R||Cax machine
scheduling and prove a bound of &(m) for the price of anarchy of this policy.
We further study the convergence and existence of pure Nash equilibria for the
ShortestFirst and LongestFirst policies. In particular, we show that the mecha-
nism based on the ShortestFirst policy for R||Ciax is a potential game, and thus
any sequence of best responses converges to a Nash equilibrium after at most
n rounds. We also prove fast convergence of the LongestFirst policy for Q||Cmax
and B||Chax-

2 Upper Bounds on the Price of Anarchy

2.1 The ShortestFirst Policy

We begin by bounding the price of anarchy of the ShortestFirst policy for R||Ciyax-
We note that there is a direct correspondence between outputs of the well-known
shortest-first greedy algorithm for machine scheduling (see [17], “Algorithm D”)
and pure Nash equilibria of the ShortestFirst policy in R||Cax-
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Theorem 1. The set of Nash equilibria for the ShortestFirst policy in R||Crax
1s precisely the set of solutions that can be output by the shortest-first greedy
algorithm.

The proof of this theorem is deferred to the full version of this paper. The
implication is that any bound on the approximation factor of the shortest-first
greedy algorithm is also a bound on the price of anarchy of the ShortestFirst
policy for R||Cpax. In particular, we may use this theorem and the result of
Ibarra and Kim [I7] to prove that the price of anarchy of ShortestFirst for R||Ciax
is at most m.

Theorem 2. The price of anarchy of the ShortestFirst policy for R||Chaz is at
most m.

We can further prove that the price of anarchy of the ShortestFirst policy for
Q||Cmax is ©(logm). This also shows that the approximation factor of the
shortest-first greedy algorithm for Q||Cpax is @(logm), as was previously ob-
served by Azar et al [I]. In fact, the bound on the price of anarchy can be derived
from their result as well. Our proof, derived independently, uses ideas from the
proof of the price of anarchy for the Makespan policy for Q||Ciax by Czumaj
and Vocking [§].

We prove our upper bound for any deterministic coordination mechanism.
A coordination mechanism is deterministic if the scheduling policies do not use
randomization to determine the schedules. We prove that the price of anarchy
for deterministic mechanisms, and in particular for the ShortestFirst policy, for
Q||Cmax is at most O(logm). The proof is deferred to the full version of the

paper.

Theorem 3. The price of anarchy of a deterministic policy for Q||Cmax is at
most O(logm). In particular, the price of anarchy of the ShortestFirst policy for
Q||Cmax is O(logm).

In addition, we can prove that the price of anarchy of any deterministic mecha-
nism for B||Cax is ©@(logm). This result is implied by a result of Azar et al [2]
on the approximation factor of the greedy algorithm for B||Cpax, but our proof
is independent of theirs and uses the ideas of the proof for the Makespan policy
by Gairing et al. [I3]. We defer the proof to the full version of the paper.

Theorem 4. The price of anarchy of a deterministic policy for B||Cmax is at
most O(logm). In particular the price of anarchy of the ShortestFirst policy for
B||Cax is O(logm).

2.2 The LongestFirst Policy

It is easy to see that the price of anarchy of the LongestFirst policy for unrelated
machine scheduling is unbounded. It is known that the price of anarchy of this
policy for P||Cmax is bounded above by 3 — 7 [6]. Theorems d and B show
that the price of anarchy of the LongestFirst policy for B||Cpax and Q||Cmax is
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at most O(logm). In Section Bl we prove that this bound is tight for B||Ciax.
Here, we observe that the price of anarchy of the LongestFirst policy for Q||Crax
is at most 2 — % Note that this is the only policy for which we know that the
price of anarchy for Q||Ciax is bounded by a constant. The proof is the same as
the proof of the greedy algorithm in [15] and is omitted here.

Theorem 5. The price of anarchy of the LongestFirst policy for related machine

Scheduling (QHCmax) is al most 2 — nfi-l .

2.3 The Randomized Policy

In the Randomized policy, an agent’s disutility is the expected completion time
of his job. We begin by computing the condition under which an agent has an
incentive to change strategies. Consider a job ¢ on machine j and let J; be
the set of jobs assigned to machine j. Then the disutility of agent ¢ under the

Randomized policy is:
1
Dij + 7 Z Di’j-
i/ Fi,i €T

Letting M; be the makespan of machine j, we see that a job ¢ on machine j has
an incentive to change to machine k if and only if:

pij + M; > 2pip, + My.

Because of this observation, the randomized policy is the same as the Makespan
policy for P||Ciax and B||Ciax. This implies a price of anarchy of at most 2 — %

and O(log)i 7g”m) for these settings, respectively.
Here, we bound the price of anarchy of the Randomized policy for Q||Cmax
and R||Ciax. In fact, we prove that, in contrast to the Makespan policy the price

of anarchy of the Randomized policy for R||Cpax is not unbounded.

Theorem 6. The price of anarchy of the Randomized policy for R||Cimax s at
most 2m — 1.

Proof. Let £ be any pure strategy Nash equilibrium and O be an optimal so-
lution. We consider two groups of jobs — those that are on different machines
in O and L, and those that are on the same machine. Define S;; as the set of
jobs on machine ¢ in £ that are on machine j in O, and let L, = ZZ.GU#QS(”_ Dig;
Oq = 2icu,u,s,, Pias and Rg = 3 ;g piq- Thus, the makespan of a machine
lin £ is L; + R;, and the makespan of [ in O is O; + R;. Since L is a Nash
equilibrium, for all jobs i € Sy;,

Lq+ Rq +piq < Lj + R; + 2pi;.

Suppose the makespan of £ is achieved on machine [ and the makespan of O
is achieved on machine I’. Then
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| Ujet Sij|(Lo + Ry) + Ly
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Therefore, the value of the solution induced by the Nash equilibrium £ is at
most 2(m —1)(Op + Ry )+ R; < (2m—1)(Op + Ry ), and so the price of anarchy
is at most 2m — 1.

Unfortunately, we do not know if pure Nash equilibria exist for the
Randomized policy for R||Ciuax, and so the above theorem might be vacuous.
However, we can extend the above proof to bound the maximum of the expected
load of a machine in a mixed Nash equilibrium of the Randomized policy for
R||Cnax- If M is the expected load of machine j in a mixed Nash equilibrium,
then it is easy to show that if the probability of assigning job i to machine ¢
is nonzero, then for any other machine j, My + p;q < M; + 2p;;. Now, we can
define L, as the expected load of jobs with positive probability on machine ¢
that are scheduled on machines other than ¢ in the optimum solution. Similar
inequalities hold in this setting. This bounds the maximum of the expected load
of any machine in a mixed Nash equilibrium. We defer the details of the proof
to the full version of the paper. Note that this analysis does not hold for the
expected value of the maximum load (see [§] for the difference between these
two objective functions). We can further prove that this bound is tight, up to a
constant factor (see Theorem [)).

Finally, we also observe a better bound for Q||Ciax. The proof is along the
same lines as the proof of the Makespan policy [8] and is omitted here. This
proof is also valid for the maximum expected load on any machine for mixed
Nash equilibria.

Theorem 7. The price of anarchy of the Randomized policy for Q||Cmax s at

1
most O( logolgé);”m ).

3 Lower Bounds on the Price of Anarchy

In this section, we prove lower bounds on the price of anarchy of coordination
mechanisms. Our first result shows that the price of anarchy of a general class
of coordination mechanisms for B||Chpax and R||Chax is at least logm. This
is interesting in light of the fact that constant-factor LP-based approximation
algorithms are known for R||Cpax [20], and suggests that it may be hard to
obtain similar approximations with local search algorithms.
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We consider a class of mechanisms which are deterministic and use a common
tie-breaking rule. That is, there is no randomization in the scheduling policies;
and, whenever two jobs ¢ and ¢' have the same processing time on a machine, one
of them, say i, is always scheduled before the other (independent of the machine
and the presence of other jobs). An example of such a mechanism is ShortestFirst
with an alphabetical tie-breaking rule (i.e. if p;; = py/; then 7 is scheduled before
i’ if and only if ¢ < ¢'). The example in our proof was used by Davis and Jaffe [9]
to show that the approximation factor of the shortest-first greedy algorithm is
at least logm.

Theorem 8. The price of anarchy of any deterministic coordination mecha-
nism which uses a common tie-breaking rule is at least logy m for B||Cmax and

R||Crax-

Proof. Consider a deterministic coordination mechanism with a common tie-
breaking rule, say alphabetically first (this assumption is without-loss-of-
generality since we can always relabel jobs for the purposes of the proof such
that in a tie job 4 is scheduled before i’ whenever i < i’). Consider the following
instance of B||Chyax: there are m jobs and m machines and the processing time of

job ¢ on machines 1,2,...,m—i+1is 1. Job ¢ cannot be scheduled on machines
m—i+2,...,m. Assume that m is a power of 2 and m = 2*.
Consider an assignment of jobs to machines as follows. Jobs 1 to 2¢¥~1 = 5

are assigned to machines 1 to % respectively. Jobs & +1 to STm are assigned to

machines 1 to 7 respectively. Jobs 3Tm +1to % are assigned to machines 1 to ¢
respectively, and so on. It is not hard to check that this is a pure strategy Nash
equilibrium of this mechanism. The makespan of this assignment is k = log, m.
In the optimal assignment job i is assigned to machine m — ¢ + 1. Thus the

optimal makespan is 1, and so the price of anarchy is at least log, m.

The example in the above proof can be easily changed to show that for R||Ciax,
the price of anarchy of the LongestFirst and ShortestFirst policies is at least
logy m, even if there is no tie among the processing times.

Theorem [8 proves that if a coordination mechanism is deterministic and poli-
cies of different machines are the same, then we cannot hope to get a factor
better than logy, m for R||Chax. One might hope that the Randomized policy can
achieve a constant price of anarchy. However, we have the following lower bound
for the Randomized policy.

Theorem 9. The price of anarchy of the Randomized policy for R||Cpax is at
least m — 1.

Proof. Consider a scenario with m machines and (m — 1)? jobs. Split the first
(m—1)(m —2) jobs into m — 1 groups Ji, ..., Jm—1, each of size m — 2 jobs. For
jobs i € Jy, let pi = 1, pim = 1/m?, and p;; = oo for all other machines j. Form
a matching between the remaining m — 1 jobs and the first m — 1 machines.
Whenever job ¢ is matched to machine j in this matching, set p;; = 1 and
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The optimal solution has makespan 1 and assigns all jobs in Jy,..., ;-1
to the last machine and each of the remaining m — 1 jobs to its corresponding
machine in the matching. However, the solution which assigns all jobs in Ji to
machine k for all 1 < k <m — 1 and all remaining m — 1 jobs to machine m is a
Nash equilibrium with makespan m — 1. To see that this is a pure strategy Nash
equilibrium, consider a job i € Ji. Its disutility on machine k is %(m -3)+1
while its disutility if it moved to machine m would increase to 3 (m — 1) +1/m?.
Therefore all jobs in Jp,...,J,—1 are playing a best response to the current
set of strategies. Now consider one of the remaining m — 1 jobs i. Say job i is
matched to machine j in the matching. Then the disutility of job ¢ on machine
m is $(m — 2) + 1 while its disutility if it moved to machine j would remain
2(m — 2) + 1. Since these jobs are also playing a (weakly) best response to
the current set of strategies, the above scenario is a Nash equilibrium in the

Randomized policy.

4 Convergence to Pure Strategy Nash Equilibria

In practice, it is undesirable if the job to machine mapping keeps changing. The
system performance can be adversely affected if players keep reacting to one
another’s changes of strategies. A good coordination mechanism is one with a
small price of anarchy and fast convergence to pure strategy Nash equilibrium.
In this section we investigate the convergence of players’ selfish behavior. We
prove that, except for the case of the Randomized and LongestFirst policies for
R||Cmax and the Randomized policy for Q||Cmax, the selfish behavior of players
converges to a pure Nash equilibrium.

We first define the notion of a state graph and a potential function. Let A; be
the set of actions of player i, i = 1,2,---,n. In our setting, each A; equals the
set of machines {1,...,}. A state graph G = (V, E) is a directed graph where V'
is the set of nodes Ay x As--- A,, and an edge labelled with ¢ exists from state
u to v if the only difference between the two states is the action of player i and
1’s payoff is strictly less in v. A pure strategy Nash equilibrium corresponds to
a node with no outgoing edges. A potential function is a function f mapping
the set of states to a totally ordered set such that f(v) is strictly less than f(u)
for all edges wv € G. In other words, whenever a player in state u changes his
action and improves his payoff, the resulting state v satisfies f(u) > f(v). Note
that the existence of a potential function implies the state graph is acyclic and
establishes the existence of pure strategy Nash equilibrium. The existence of a
potential function also implies that the Nash dynamics will converge if one player
takes the best response action atomically. We restrict our convergence analysis
to this atomic and best-response behavior of players. A game that has a potential
function is called a potential game. Many of our proofs proceed by showing that
the games we have defined in this paper are in fact potential games.

We remark that the Makespan policy corresponds to a potential game. This
fact has been observed in various places. In particular, Even-Dar et al. [10] give
several bounds on the speed of convergence to pure Nash equilibria for this
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policy. The Randomized policy is the same as the Makespan policy for B||Cpax
and P||Cpax. Thus, the Randomized policy also corresponds to a potential game
for B||Cpax and P||Ciax. We do not know if the Randomized policy for R||Ciax
is a potential game or not. If it were, this would imply, among other things,
that pure Nash equilibrium exist. For the rest of this section, we study the
convergence for the ShortestFirst and LongestFirst policies.

4.1 Convergence for the ShortestFirst Policy

In Section 2.1l we have shown that pure strategy Nash equilibria exist for the
ShortestFirst policy for R||Cmax and can be found in polynomial time. In the
following, we show that this game is a potential game and players will converge
to a pure strategy Nash equilibrium. Note that this gives an alternative proof of
the existence of pure strategy Nash equilibria.

Theorem 10. The ShortestFirst policy for R||Cuax is a potential game.

Proof. For any state u, let c(u) be the vector of job completion times sorted in
increasing order. We show that as a job switches from one machine to another
machine to decrease its completion time, it decreases the corresponding vector
¢ lexicographically. Suppose the system is in state v and c(u) = (c1,¢2, ..., Cpn).
Suppose job i with completion time ¢; switches machines and decreases its com-

pletion time. Call the new state v and let ¢(v) = (¢}, ch, ..., c,). Let i’s comple-

e n
tion time in v be ¢j. We know that ¢ < c¢;. However, the change in i’s action
may cause an increase in the completion times of other jobs. Assume that job
1 switched to machine %k in state v. Jobs whose completion time increases after
this switch are the jobs that are scheduled on machine k£ and whose processing
time on machine k is greater than i’s processing time on machine k. Thus, the
completion times of these jobs in state u (before ¢ moves) were greater than or
equal to ;. Thus in the resulting vector c(v), we decrease an element of the
vector from ¢; to c;- and we do not increase any element with value less than
c;.. Thus this switch decreases the corresponding vectors lexicographically, i.e.

J
¢(v) < c¢(u) and so ¢ is a potential function. This completes the proof.

Corollary 1. Selfish behavior of players will converge to a Nash equilibrium
under the ShortestFirst policy for R||Cmax-

Knowing that the selfish behavior of players converges to a Nash equilibrium
and the social value of a Nash equilibrium is bounded does not indicate a fast
convergence to good solutions. We are interested in the speed of convergence
to a Nash equilibrium. We consider the best responses of jobs and prove fast
convergence to Nash equilibria for the ShortestFirst policy.

In order to prove a convergence result, we must make some assumption re-
garding the manner in which the ShortestFirst policy resolves ties. In particular,
we will require that this tie-breaking rule is deterministic and satisfies indepen-
dence of irrelevant alternatives, i.e., the resolution of a tie between jobs ¢ and j
is not affected by the presence or absence of job k. One such tie-breaking rule
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is the alphabetically first rule. When there is a tie between the processing times
of two jobs, the alphabetically first rule always chooses the one with the smaller
identifier. We note that all our upper and lower bounds hold for the ShortestFirst
policy with the alphabetically first rule. For simplicity, in the proof below, we
will assume our ShortestFirst policy employs the alphabetically first rule to break
ties.

Theorem 11. In R||Cpax with the ShortestFirst policy, best responses of jobs
converge to a Nash equilibrium after n rounds of any arbitrary ordering of jobs,
when ties in the coordination mechanism are resolved using the alphabetically
first rule. In other words, from any state in the state graph G, it takes at most
n state traversals to end up in a state with no outgoing edges.

Proof. In the t’th round, let i; be the alphabetically first job which achieves the
minimum possible disutility among the set of jobs J; = J — {i1,...,4:—1}, fixing
the strategies of jobs J — {i;}. We prove by induction that in round ¢, job i,
moves to some machine and remains there in subsequent rounds.

Suppose j is any machine on which ; achieves his minimum disutility. Then
in the t’th round, a best response for i; is to move to machine j. We show that
this machine is the weakly best response of i, for any set of strategies of jobs J;.
By weakly best response, we mean there is no other action that, gives the player
a strictly better payoff (a smaller completion time in our setting).

First notice that the disutility of i; on j can not increase as jobs in J; alter
their strategies. This is because any job i’ € J; has processing time at least p;, ;
on machine j and, upon equality, is alphabetically larger or else we would have
set ¢, = 4’ in the ¢’th round. Now consider some other machine j'. Let ¢; be
the completion time of job ¢ on machine j. Then any job with completion time
less than ¢; on machine j/ in round ¢ must be in {i1,...,4;—1} or else we would
have picked this job to be i; in round ¢. Thus, the strategies of these jobs are
fixed. Let " be the job on machine ;7' in round ¢ with the smallest completion
time that is at least ¢;. If p;, ;v < pisj-, then the strategy of i’ and all other jobs
scheduled after ¢’ on j’ in round ¢ does not affect i;’s disutility for machine 5. If
Di,j > Pirjr, then even if ¢’ leaves j/ in a subsequent round, the completion time
of i; on j' is still at least i"’s completion time on j’ in round ¢, or at least c;.
Thus, it is a weakly best response for i; to remain on machine j.

This shows that it is a weakly best response for i; to remain on machine j in
all subsequent rounds.

The next theorem proves that the bound of Theorem [I]is tight.

Theorem 12. There are instances of R||Cmax under the ShortestFirst policy
for which it takes n rounds of best responses of players to converge to a Nash
equilibrium.

Proof. Suppose the processing time of job j on machine 7 is 1 + ie + (n — j) =
for a sufficiently small e. Starting from an empty assignment, let jobs go to their
best machine in the order of 1,2,...,n. In the first round, all jobs go to the



Coordination Mechanisms for Selfish Scheduling 67

first machine. In the second round, all jobs except the n’th job go to the second
machine. In the i’th round, jobs 1,2,n — i + 1 will go from machine ¢ — 1 to
machine 7. At the end, job i is scheduled on machine n — ¢ + 1 and it takes n
rounds to converge to this equilibrium.

4.2 Convergence for the LongestFirst Policy

In the LongestFirst policy, it is possible to prove convergence in the Q||Crax,
B||Chax, and P||Cyax models in a manner similar to that of Theorem [Tl One
just must argue that in each round the job with the longest feasible processing
time (among jobs not yet considered) moves to its optimal machine and remains
there in subsequent rounds. For the sake of brevity, we omit this proof.

Theorem 13. For the LongestFirst policy in Q||Cimax, B||Cmax, 07 P||Cmax,
the best responses of jobs converge to a Nash equilibrium after n rounds of any
arbitrary ordering of jobs, when ties in the coordination mechanism are resolved
using the alphabetically first rule.

We note that Theorem [[3] proves the existence of a Nash equilibrium in these
games. We do not know how to prove that the LongestFirst policy converges in
the R||Ciaxmodel, although given that the price of anarchy would be unbounded
anyway, such a proof is of somewhat questionable value.

5 Conclusion and Future Work

We have studied abstract scheduling games where the disutility of each player is
its completion time. We note that our results can be applied in many practical
network settings. Our results can be directly applied to the Internet setting [27]
where there is a set of selfish clients, each of whom must choose a server from a
set of servers. Each client tries to minimize its latency, or job completion time;
the social welfare is the total system-wide latency. Similar problems arise in
the wireless network setting. For example, the basic fairness and load balancing
problem in wireless LANs [16] is reduced to the problem of unrelated parallel
machine scheduling. Centralized algorithms have been designed for this prob-
lem in [16]. We hope to use ideas from our coordination mechanisms to design
decentralized algorithms for this problem. In the third generation wireless data
networks, the channel quality of a client is typically time-varying [5]; it would
be interesting to study coordination mechanisms in this context given that users
may exhibit selfish behavior.

Theoretically, the most interesting open problem in this paper is to find coor-
dination mechanisms with constant price of anarchy for B||Cpax and R||Crax.
We have shown that this cannot be achieved by any deterministic coordination
mechanism which uses a common tie-breaking rule. Another problem left open
in this paper is the existence of pure Nash equilibria for the Randomized policy
for R||Cmax-

Through-out this paper, we assumed all information regarding job processing
times was public knowledge. A new direction considered in [6] and [21] is the
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design of coordination mechanisms in a private information setting, i.e. where
a job’s processing time is a private value. In such a setting, it would be nice if
a coordination mechanism incentivizes jobs to announce their true processing
times. The only constant-factor price of anarchy for Q||Cinax and the best factor
for P||Chax in our paper are achieved using the LongestFirst policy, but this
policy is not truthful. In particular, jobs can artificially inflate their length (by
inserting empty cycles, perhaps) and as a result actually decrease their disutility.
A truthful coordination mechanism with a constant price of anarchy in these
settings would be an interesting result.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

Aspnes, Y. Azar, A. Fiat, S. Plotkin, and Waarts. On-line routing of virtual circuits
with applications to load balancing and machine scheduling. J. ACM 44, 3, 1997.
Y. Azar, J. Naor, and R. Rom. The competitiveness of on-line assignments. Journal
of Algorithms, 18:221-237, 1995.

A. Bagchi. Stackelberg differential games in economic models. Springer-Verlag,
1984.

M. Beckman, C. B. McGuire, and C. B. Winsten. Studies in the Economics of
Transportation. Yale University Press, 1956.

Sem Borst. User-level performance of channel-aware scheduling algorithms in wire-
less data networks. IEEE/ACM Transaction on Networking, 13(3):636-647, 2005.
G. Christodoulou, E. Koutsoupias, and A. Nanavati. Coordination mechanisms.
pages 345-357, Turku, Finland, 12-16 July 2004.

R. Cole, Y. Dodis, and T. Roughgarden. How much can taxes help selfish routing?
In EC, pages 98-107, 2003.

A. Czumaj and B. Vocking. Tight bounds for worst-case equilibria. In SODA,
pages 413-420, 2002.

E. Davis and J.M. Jaffe. Algorithms for scheduling tasks on unrelated processors.
J. ACM, 28(4):721-736, 1981.

E. Even-dar, A. Kesselman, and Y. Mansour. Convergence time to nash equilibria.
In ICALP, pages 502-513, 2003.

G. Finn and E. Horowitz. A linear time approximation algorithm for multiprocessor
scheduling. BIT, 19:312-320, 1979.

L. Fleischer, K. Jain, and M. Mahdian. Tolls for heterogeneous selfish users in
multicommodity networks and generalized congestion games. In FOCS, pages 277—
285, 2004.

M. Gairing, T. Lucking, M. Mavronicolas, and B. Monien. Computing nash equi-
libria for scheduling on restricted parallel links. In STOC, pages 613-622, 2004.
D. K. Goldenberg, L. Qiu, H. Xie, Y. R. Yang, and Y. Zhang. Optimizing cost and
performance for multihoming. SIGCOMM Comput. Commun. Rev., 34(4):79-92,
2004.

T. Gonzales, O. Ibarra, and S. Sahni. Bounds for Ipt schedules on uniform proces-
sors. SIAM Journal of Computing, 6(1):155-166, 1977.

Y. Bejerano S.J. Han and L. Li. Fairness and load balancing in wireless LANs. In
Proceedings of the 9th annual international conference on Mobile computing and
networking (MOBICOM), 2004.

O.H. Ibarra and C.E. Kim. Heuristic algorithms for scheduling independent tasks
on nonidentical processors. J. ACM, 24(2):280-289, 1977.



18.

19.

20.

21.

22.
23.

24.
25.

26.

27.

28.

29.

Coordination Mechanisms for Selfish Scheduling 69

Y.A. Korilis, A.A. Lazar, and A. Orda. Achieving network optima using St